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Abstract 

We show how to compute the quantum doubles of generalized Haagerup 
subfactors for groups of even order and their equivariantizations and de- 
equivariantizations. We hnd the modular data for several small-index sub¬ 
factors, including the Asaeda-Haagerup subfactor with index and 

five of the seven known finite-depth subfactor pairs with index 3 -I- v^. 


1 Introduction 

The quantum double, or Drinfeld center, Z{C) of a spherical fusion cat¬ 
egory C over C is the category of half-braidings of C by objects X £ C. 
Z(C) is itself a fusion category which is Morita equivalent to C ® C°^. A 
remarkable property of the quantum double is that it is a modular tensor 
category, meaning that it is braided with an invertible S-matrix |Mug03| . 

Modular tensor categories appear in a variety of contexts, including 
conformal field theory, topological quantum field theory, and quantum 
computation. On the other hand, every fusion category can be thought of 
as a category of modules over a commutative algebra in its center. Thus 
the quantum double construction provides a bridge between the theory of 
ordinary fusion categories and that of modular fusion categories. 

Some of the most interesting known examples of fusion categories were 
discovered through the study of finite-index subfactors, and in particular 
from the classification of small-index subfactors. Subfactors with index 
less than 4 have principal graphs which are Dynkin diagrams, and the 
corresponding fusion categories are related to quantum SU{2). 

In the paper “Exotic subfactors with Jones indices and S+XH" 

|AH99| . Asaeda and Haagerup constructed two new subfactors, the Haagerup 
subfactor (index ) and the Asaeda-Haagerup subfactor (index 
They called these subfactors exotic since unlike other known examples of 
subfactors, these subfactors were not constructed from symmetries of h- 
nite or quantum groups. 

In |Izu93| . the second-named author developed a general method for 
constructing subfactors which admit a certain type of group symmetry, 
using endomorphisms of the Cuntz C*-algebras and their von Neumann 
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algebra completions. The method works well for what have come to be 
known as quadratic fusion categories: fusion categories containing a non- 
invertible simple object X such that every simple object is either invert¬ 
ible or is isomorphic to an invertible simple object tensored with X. A 
typical example is the principal even part of the Haagerup subfactor, 
whose subcategory of invertible objects is Vecz/ 3 z, and which satisfies 
dim(Hom(gX, Xh)) = ^g,h-^ for 9 ^ in Z/3Z. 

The generalized Haagerup fusion categories are a class of quadratic fu¬ 
sion categories which have a similar structure, but with the group Z/3Z re¬ 
placed by other finite Abelian groups. Systems of equations for construct¬ 
ing such categories for groups of odd order were determined in [Izu Qn, 
and a generalized Haagerup category for Z/5Z was constructed by solving 
these equations. Solutions for several others groups were found by Evans 
and Gannon in |EG11[ by exploiting symmetries that they observed in 
the modular data. The theory of generalized Haagerup subfactors was 
extended to groups of even order in |Izul5| . The situation here is more 
complicated, with a certain cocycle e, which is absent in the odd case, 
playing an important and somewhat mysterious role. 

Modular data. The S-matrix of a modular tensor category C is 
a matrix with rows and columns indexed by simple objects of C. The 
entries are given by (normalized) scalar values of Hopf links whose two 
components are labeled by simple objects of C and where the crossings 
correspond to the braiding. The normalization of the 5-matrix requires 
taking a square root of the global dimension, so there are in general two 
choices. However in the unitary case the global dimension is positive 
and we take the positive square root. The T-matrix is a diagonal matrix 
whose entries are given by scalars corresponding to the twists of the simple 
obejcts coming from the braiding. For modular tensor categories over C, 
the 5 and T matrices are unitary matrices |ENO05| . and satisfy 

a{STf = S'^ =C ^T-^CT (1.1) 

for some scalar a, where C is the conjugation matrix giving the dual data 
of simple objects. There is a corresponding projective representation of 
the modular group 5L2(Z) sending the matrices 

(! V)(i I) 

to 5 and T respectively |BK01| . For the quantum double of a unitary 
fusion category, the constant a in ini is always 1, and one gets an actual 
representation of 5L2(Z). 

The fusion rules of C are determined from the S-matrix by the Verlinde 
formula 

dim(Hom(Xi (g) Xj,Xk)) = V - ^ (1.2) 

-' 5l,Xr 

r 

where the Xi are the simple objects of C with Xq = 1, and Xr is the dual 
object to Xr [VerSSllM^IBKOl) . 

A pair of unitary matrices 5 and T satisfying uni) for some scalar a 
and order 2 matrix C, and such that the right hand side of ini gives an 
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integer for each i,j,k, the collection of which form consistent structure 
constants for a based ring, is called modular data. 

A modular tensor category gives rise to modular data as described 
above; this modular data is uniquely determined up to a choice of order 
of the simple objects and a choice of square root of the global dimension. 

Conversely, given modular data, one can ask whether it is realized as 
an invariant of a modular tensor category, and if so, whether such a mod¬ 
ular tensor category is unique. For small rank categories, classification of 
modular data has proven to be an effective technique for the classification 
of modular tensor categories (see |RSW09 |1. 

Quantum doubles of quadratic fusion categories. The most 
basic examples of modular tensor categories are quantum doubles of finite 
groups and fusion categories associated to quantum groups at roots of 
unity. Quantum doubles of quadratic fusion categories provide a rich 
source of new and interesting examples. 

In [IznOOl IIzu01| . the second-named author showed how the Cuntz 
algebra formalism can be used to explicitly describe the quantum double 
of many quadratic fusion categories. He computed the modular data of 
the Haagerup subfactor, and showed how to compute the modular data 
for similar quadratic categories associated to Abelian grops of odd order. 

In |EG11| . Evans and Gannon simplified the modular data of the 
Haagerup subfactor and computed the modular data of several more gen¬ 
eralized Haageup subfactors. They further argued based on patterns in the 
modular data that the Haagerup subfactor and its generalizations should 
not be thought of as exotic, but rather as belonging to a well-behaved 
family. They also generalized the modular data of the Haagerup subfac¬ 
tor in several ways and made conjectures about the categorical rellzation 
of these generalized modular data. 

It still remained unclear how the Asaeda-Haagerup subfactor fit into 
this picture, or indeed what its modular data is. The quantum double 
of the Asaeda-Haagerup subfactor was first studied in the dissertation of 
Asaeda [Asa 00], but a detailed description was not obtained. 

In | GIS15| it was shown that the Asaeda-Haagerup subfactor is also re¬ 
lated to quadratic fusion categories, but in a somewhat more complicated 
way than in the case of the Haagerup subfactor. The even parts of the 
Asaeda-Haagerup subfactor are Morita equivalent to three quadratic fu¬ 
sion categories, one of which is a Z/2Z-orbifold of a generalized Haagerup 
category for the group Z/4Z x Z/2Z. Since the quantum double is an 
invariant of Morita equivalence, it suffices to consider the latter category 
to study the quantum double of the Asaeda-Haagerup subfactor. 

Results. The initial goal of the present work was to compute the 
modular data of the Asaeda-Haagerup subfactor, which we do. However, 
we also compute the modular data of several other interesting small index 
subfactors which arise from generalized Haagerup subfactors for groups of 
even order and their equivariantizations and de-equivariantizations. 

In fact, five of the seven known finite-depth subfactor pairs at index 3-1- 
y/Z, which has recently been the focus of extensive classification work (see 
for example |Llul3llMP14p are related to generalized Haagerup subfactors 
for order 4 groups |Izu m, and we compute the modular data for all five 
(which belong to four distinct Morita equivalence classes). 
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Our main result is the computation of the quantum double of the 
Asaeda-Haagerp subfactor, announced in |GIS15| and proven here. 

Theorem 1.1. The quantum double of the Asaeda-Haagerup sub factor 
has 22 simple objects. The eigenvalues of the T-matrix are {±1, ±i} U 

6 Z ^ TT 2 

{e ir }i<i<8. The full S-matrix is given in Theorem \6.1(A 

Evans and Gannon made the remarkable observation that the modular 
data of the Haagerup subfactor and its generalizations can be interpreted 
as a graft of the modular data of the quantum double of the dihedral group 
and modular data associated to 50(13) at level 2; they generalized 
this grafted modular data into a series parametrized by the natural num¬ 
bers, and showed that the first few instances are realized by generalized 
Haagerup subfactors for cyclic groups of odd order. It would be interest¬ 
ing to find a similar generalization of the Asaeda-Haagerup modular data. 
While the Asaeda-Haagerup modular data also appears to be composed 
of two principal blocks, we have not yet found such a generalization. We 
note however that the 8x8 block of the 5-matrix corresponding to the 

T-eigenvalues e ir is very similar to the 6x6 block of the 5-matrix of 

12Z^7rz 

the Haagerup subfactor corresponding to the T-eigenvalues e i3 . 

After our results were announced, Morrison and Walker found a purely 
combinatorial method to deduce the number of simple objects in the quan¬ 
tum double of the Asaeda-Haagerup subfactor (and various other subfac¬ 
tors), as well as the induction functor giving the underlying objects of the 
simple half-braidings in the original fusion categories |MW14| . However, 
their method does not give an explicit description of the quantum double 
or formulas for the modular data. 

There is another fusion category whose 5-matrix differes from that of 
the Asaeda-Haagerup fusion categories in only a few entries. This cate¬ 
gory is a Z/2Z-de-equivariantization of a generalized Haagerup category 
associated to Z/8Z, and we give its modular data as well. 

We also consider four subfactors of index 3 -I- %/5, which are known as 
the gz/ 2 zxz/ 2 z^ 4442, and 2D2 subfactors. The 4442 subfactor was 

constructed in |MP12| . while the other three subfactors were constructed 
in |Izul5] . which also gave an alternate construction of the 4442 subfactor. 
An alternate construction of the 2D2 subfactor was given in |MP14) . The 
names are after their principal graphs: 



The principal graphs of the hrst two subfactors in the preceding list are 
each the graph on the left; the subfactors are distinguished by the group 
structure of the subcategory of invertible objects in the principal even 
part, which is either Z/4Z or Z/2Z x Z/2Z. The prinicpal graphs of the 
4442 and 2D2 subfactors are the middle and right graphs, respectively. 
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These four subfactors all arise from generalized Haagerup categories 
associated to order four groups or their orbifolds, so we can compute their 
quantum doubles as well. 

Theorem 1.2. 1. The quantum double of the 3^/^* subfactor has rank 

I 2 Tri 

26. The eigenvalues of the T-matrix are {±1, ±i} U {e* lo }i<i<4. 
All of the entries of the S-matrix are in Q(\/E). 

2. The quantum double of the 32 / 2 ZXZ/ 2 Z 40. The 

eigenvalues of the T-matrix are {±l,±e*“ 5 “}. There is a modular 
tensor subcategory of rank 10 , and the modular data decomposes as 
a tensor product of the modular data of this subcategory and the 
modular data of a rank 4 subcategory. All of the entries of the S- 
matrix are in Q(-\/5). 


3. The quantum double of the 2D2 subfactor has rank 10. The eigen- 

I 4TTi 

values of the T-matrix are {l,±i,e^~}. All of the entries of the 
S-matrix are in Q(-\/5, i). 
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The quantum double of the 4442 subfactor is graded by Z/3Z, and 
has rank 48. The 0-graded component has rank 24 and the other 


two graded components each have rank 12. The eigenvalues of the 
T-matrix are {±1, e^~, ±e^~, e^~, }. Each entry of the 

S-matrix can be written as an element of Q{y/5) multiplied by a cube 


root of unity. 


The complete modular data for all of these examples is given below. 
We note that the modular data of the 2D2 subfactor is very similar to 
the modular data of the rank 10 modular subcategory of the even part of 
gz/2zxz/2z g^bfactor. 

It is shown in [IMP13| that the dual even part of the third “fish sub¬ 
factor” is the same as the dual even part of the 3 */'** subfactor. Therefore 
our results give the quantum double of this subfactor as well. 

There are only two additional known finite-depth subfactors with index 
S-fVS, up to duality, and it has been conjectured that there are no others. 
One of these subfactors has an even part which is a tensor product of two 
rank two fusion categories, so its quantum double is known. The other 
one is the second fish subfactor, whose modular data is still unknown. 

Finally, we mention that it would be desirable to develop general for¬ 
mulas for the modular data of generalized Haagerup subfactors for arbi¬ 
trary finite Abelian groups, and for the modular data of their orbifolds. 
Unfortunately, this seems to be out of reach until we achieve a better un¬ 
derstanding of the cocycle e appearing in the structure equations of these 
categories. 

We include as an online supplement to this paper the Mathematica 
notebook ModularData.nb, which contains the modular data the six ex¬ 
amples discussed in this paper and computes the corresponding fusion 
rules from the Verlinde formula. 

Organization. The paper is organized as follows. 

In Section 2 we review some background material on categories of en- 
domorphims, the quantum double, generalized Haagerup categories, and 
the orbifold construction. 
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In Section 3 we describe the basic outline of our method to compute 
the quantum doubles of the generalized Haagerup categories and their 
orbifolds, which follows the general ideas of [IzuOOl IIzu01| . 

In Section 4 we first give a general description of the tube algebra of 
a generalized Haagerup category, including multiplication formulas with 
respect to a certain basis and a description of the group-related part of 
the tube algebra. Then we work out the full tube algebra and compute 
the modular data for the groups Z/4Z and Z/2Z x Z/2Z. 

In Section 5 we describe the tube algebra for a graded extension of 
a generalized Haagerup category by a finite-order group automorphism, 
and use this to compute the modular data of the 4442 subfactor. 

In Section 6 we describe the tube algebra of a certain type of Z/2Z- 
de-equivariantization of a generalized Haagerup category, and use this to 
compute the modular data of the Asaeda-Haagerup subfactor and of the 
2D2 subfactor. 

Some of our results require complicated and somewhat tedious but 
elementary calculations. We try to strike a balance by including enough 
detail for the reader to follow the train of the argument and reconstruct 
any calculations without being overly pedantic. 

Acknowledgements. This work was originally motivated by the re¬ 
sults of |GIS15 |. which was joint work with Noah Snyder, whom we would 
also like to thank for helpful conversations. Pinhas Grossman would also 
like to thank Terry Gannon, David Jordan, and Scott Morrison for helpful 
conversations. Pinhas Grossman was partially supported by ARG grant 
DP140100732. Masaki Izumi was supported in part by the Grant-in-Aid 
for Scientific Research (B) 22340032, JSPS. Part of this work was done 
during Pinhas Grossman’s visit to Kyoto University in 2013, and he is 
grateful for the hospitality. 


2 Preliminaries 

2.1 Categories of finite-index endomorphisms 

Let M be a properly infinite factor with separable predual (all factors in 
this paper will be assumed to have separable predual.) Let Endo(M) be 
the set of normal unital *-endomorphisms of M whose images have finite- 
index. Then Endo(M) is a strict C*-tensor category, where the tensor 
product is composition of endomorphisms and for any p, u G Endo(M), 
the morphism space is given by 

Hom(p, (j) = {v € M ■. vp{x) = a{x)v, Va; G M}. 

The tensor product of morphisms u G Hom(pi, cti) and v G Hom(p 2 , 0 - 2 ) 
is given by 

upi(u) = ai(v)u G Hom(pi o p 2 , ai o 0 - 2 ). 

We often suppress “Horn” and simply write (p, a) for the morphism 
space. Following common practice, we also sometimes use (p, a) to mean 
dim(Hom(p, cr)). For p G Endo(M), we set 

d(p) ^ [M : p(M)]i 


6 






the statistical dimension of p. A sector [p] is the isomorphism class of an 
object p. 

In this paper we will be interested in fnll finite tensor subcategories 
Endo(M) which are closed under unitary conjugation and duality. These 
are unitary fusion categories. 

2.2 The quantum double 

For a discussion of the quantum double for subfactors, see |IzuOO[ : for the 
categorical context, see |Mug03| . Let C be a strict monoidal category. A 
half-braiding for an object A € C is a family of isomorphisms 

ex{Y) -.Xi^Y^Y^X, Y £C 


satisfying 


(t ® idx) ° ex{Y) = ex{Z) o (idx (8) t), VF, Z £ C, t ■. Y ^ Z 


and 


ex{Y (g) Z) = {idy (g) ex{Z)) o {ex{Y) » idz), VF, ZeC. 

The quantum double, or Drinfeld center, Z{C) is the category whose 
objects are half-braidings (A, ex) of objects in C and whose morphisms 
are given by 

Hom((A,ex),(F.ey)) = 

{t £ Hom(A, Y) : {idz (g) t) o ex{Z) = eY{Z) o (t (g) idz), VZ £ C}. 

The quantum double is a braided monoidal category, with tensor product 
of (A, ex) and (F, ey) given by 

(A (g) F, ex®y) 

ex®y(Z') = ex(Z) (g) idy o idx (g> ey{Z) \IZ £ C. 

A modular tensor category is a braided spherical fusion category C 
whose S-matrix is non-degenrate, where the 5'-matrix is defined by 

Sx,y = trx®y(cx,y o cy,x), 

^dim(C) 

for simple objects A and F, c is the braiding on C, dx is the quantum 
dimension, dim(C) is the global dimension, and tr is the normalized spher¬ 
ical trace on End(A (g) F). The S'-matrix is only defined up to the choice 
of square root of the global dimension. 

The T-matrix is defined by 

Tx,y = dxdx,ytrx®x (cx,x), 

and the conjugation matrix C is defined by 

Cx,y = Sx^Y, 

where F is the dual object of F. 
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For a modular tensor category over C, the S-matrix is symmetric, S 
and T are unitary |ENQ05| . and we have the relations 

a{STf = S'^ = C = T-^CT 

for a scalar a |MS901 IBK01| . 

If C is a spherical fusion category over C, then Z{C) is a modular tensor 
category. We fix dim(Z{C)) — dim(C), and then a = 1 |Mug03| . 

2.3 The tube algebra 

In this subsection we summarize the theory developed in |IzuOO| . Let 
M be a properly infinite factor, and let C be a finite full monoidal sub¬ 
category of Endo(M) which is closed under unitary conjugation and taking 
duals. Let A = {p^l^gAo be a set of endomorphisms of M representing 
the simple objects of C, and containing po = id. The tube algebra of A is 
an algebra with underlying vector space 

Tube A = 0 Rom{p^p^,p^Pn). 

e.C.»7eAo 

An element X € Hom(p 5 p^, pfp,,) is denoted as an element of the tube 
algebra by CI-^IC v)- ^ *-algebra structure is defined on Tube A as 
follows. For each p, C £ ^o, let = {PiPvt Pi)- ^ > 0, we write 

C ^ and fix a family of isometries {{T^ )i £ Hom(p(;, 
satisfying the Cuntz algebra relations. We also fix duality isometries R(; £ 
Hom(l,pjPf) and R(; £ Hom(l,p^P(=) for each ^ £ Aq (where pj is the 
representative in A of the dual of p^). Define multiplication by 


(aiAicp)(e' c'|Aic' v') = 

E(^'^l^c,c')*PcmApe(rcV)0k’7') ( 2 . 1 ) 

and an involution by 

(U|A|Cp) =d(C)(pClpc(p«(AD^*)^clCO- (2.2) 

These operations do not depend on the choice of isometries {T^.^)i andi?^, 
and make Tube A into a C*-algebra. 

For each ^ £ Aq, let 0|1|0 ^), and let .4^ = lj(Tube A)!^. Let 


t = ^ d(p 5 )(^ 0 e Tube A, 

«6Ao 


and let To be the linear operation on Tube A of left multiplication by t. 
Let So be the linear transformation on .4^ defined by 

?6Ao 

5'o((e p|A|p 0) = iv ^\KPniXpdRv))\^ V)- 
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Theorem 2.1. \IzuOO^ (a) The minimal central projections of Tube A are 
in bijection with the simple objects of Z{C). If {o',ea) is a simple object 
of Z(C) with corresponding minimal central projection pa G Tube A, then 
for any ^ G Ao, we have 


(a, pf) = Rank{pal^). 


(b) The center of Tube A is invariant under To and So- Identify the 
minimal central projections of Tube A with the simple objects of Z{C), 
so that each minimal central projection Pi corresponds to a simple object 
Pi in Z{C). Introduce the basis {Qi — Pi}, where A is the global 
dimension, for the center of Tube A. The matrix of So with respect to the 
basis {Qi} is the S-matrix of Z{C). The matrix of To with respect to the 
basis {Pi} is the T-matrix of Z{C). 


Remark 2.2. 1. Choosing a set of matrix units for the tube algebra 

determines a unitary half-braiding of C. 


2. In |IzuOO[ the quantum double was defined using unitary half-braidings; 
however for unitary fusion categories the unitary quantum double 
was shown to be equivalent to the ordinary quantum double in 
|Mug03|. 


Let {Pijigi be the set of minimal central projections in Tube A, and 
let Pi be the corresponding simple objects in Z{C). Dehne the linear 
functional 


Then tfAiPi) 
matrix: 


0a(C CI^IC v) = dip^fs^,^s^,oX. 
d{Pif 


A 


and we have the following formula for the S- 


Sp. p. = - dA{So{Pi)Pj). (2.3) 

d{Pi)d{Pj) 

There is another useful formula for finding entries of the S'-matrix. Fix 
i £ I and rj G Ao such that Piln 0. Let pi be a minimal projection 
subordinate to Piln- Let {p|’*^}j 6 Ao,i<fc<rank(Pj. 45 ) be a decomposition of 
Pj into mutually orthogonal minimal projections. For ^ G Aq, dehne the 
linear functional 

= RIp^{x)R^, X £ M- 

Then 

Sp..P,. = ^ E diOMXltYi), (2.4) 

V 3J 

l<fe<rank(Pi>4.^ ) 

where X^^k is the component of in (^p, p^) and Yj is the component 
of Pi in (pC,C^) |Izu00| . 

This second formula has the advantage that it only requires knowing 
a single minimal component of Pi, and was used extensively in the ex¬ 
amples in |Izu01| . However, for the examples we discuss in this paper, 
the Hrst formula will often be more useful since the full projections Pi are 
eigenvectors of t whereas their minimal components are not in general. 
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2.4 Generalized Haagerup categories and their orb- 
ifolds 


We recall the following construction from |Izul5| . Let G be a finite Abelian 
group acting by outer automorphisms on an inifinite factor M; we denote 
the corresponding automorphisms hy ag, g G G. Let po be an irreducible 
self-conjugate finite-index endomorphism satisfying the fusion rules 

K][Po] = \po][a-g] 

and 

\pof = [id]^[ag]\po]. 
gea 

The fusion category tensor generated by po and Ug, g G G is called a 
generalized Haagerup category. 

It was shown in |Izul5 | that if = 0, there is an endomor¬ 

phism p in the same sector as po and a family of |G| -1-1 isometries 
'^g (Q! 9 PiP^)i g ^ G, S G {id,p^) satisfying the Cuntz algebra rela¬ 
tions, such that: 


ftg o p = p o a-g, \/g G G (2.5) 

ag(S) = S', agiTn) = eg{h)n+2g Vp, h £ G (2.6) 

p(S) = is + ^ ^ (2.7) 

piTg) = £g(-5)[p-gr_gSS* + ^STlg 

+ A-g{h,k)TH-gTH+k-gT:_g],ygGG ( 2 . 8 ) 

h,k^G 

where d = d(p), the Ag(h, k) are complex numbers, the tg{h) are signs, 
the rjg are cube roots of unity satisfying |Izul51 (3.1)-(3.9)]. Conversely, 
any solution to |Izul5l (3.1)-(3.9)] gives rise to a fusion category on a von 
Neumann algebra completion of a corresponding Cuntz algebra, which is 
a generalized Haagerup category if the action of G on the factor is outer. 

We will denote a generalized Haagerup category by CG,A,t,g, and as¬ 
sume we are given a concrete representation as endomorphsims of an in¬ 
finite factor M with structure constants A, e, and p such that p and 
Og, g G G satisfy We will use the notation n = |G| and 

A = n(l + d?), the global dimension. 

In all of the examples in this paper, p will be identically 1, so we 
assume from now on that this is the case and dispense with p without 
further comment. 


2.5 Orbifold categories 

Given a finite group G acting by tensor autoequivalences on a fusion 
category C, the equivariantization C® is a fusion category which is a 
categorical analogue of a crossed product. The global dimensions are 
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related by dim(C^) = |G|dim(C). One can recover C from C® by a de- 
equivariantization construction. 

For categories of finite-index endomorphisms of a factor, both equiv- 
ariantization and de-equivariantization can sometimes be realized by an 
orbifold construction, in which the von Neumann is enlarged to a crossed 
product by a finite group action and the endomorphisms are extended to 
the larger algebra. 

Let Cg.a.e be a generalized Haagerup category realized on a factor M 
containing the Cuntz algebra C1 |g|+i with generators S and Tg, g £ G. 

Let 6 be an automorphism of G such that 

^e(h){9{g)) = e-h{g), 

Ae(g){e{h), e{k)) = Ag{h, k), yg, h,k£G. 

Define an automorphism 7 on M by 7(5) = S and 'y{Tg) — Te(g), g & G. 

Then 

7 o p = p o 7 

and 

7 ° «9 = «e( 9 ) ° 7- 

The automorphism 7 thus induces an action of Z/mZ on Cg.a.e, where m 
is the order of 7 . 

Let P = M ytj 'LIm'L be the crossed product of M by 7 ; P is the von 
Neumann algebra generated by M and a unitary A satisfying 

A*" = 1 and AxA~^ = 7 ( 2 ;), Va; £ M. 

We can extend p to an endomorphism p of P by setting 

p(A) = A. 

We denote the category of endomorphisms of P tensor generated by p by 
Cq ^ it is a ’LIm'L eqnivariantization of Ca,A,<L- 

The fusion rules of Cq ^ ,, were computed in |Izul5| . The category 
Cq a e i® Morita equivalent to the category of endomorphisms of M tensor 
generated by p and 7 , which is a Z/mZ-graded extension of Cg.a.e. We 
will refer to the graded extension as Cg.a.c XI 7 Z/mZ. 

Example 2.3. The even part of the 4442 subfactor is a Z/3Z-equivariantization 
of a generalized Haagerup category for G = Z/2Z x Z/2Z. Here 6 is a 
cyclic permutation of the nonzero elements of G |Izul5| . 

Now let Cg,a,<l again be a generalized Haagerup category. Let z £ G 
satisfy 2^ = 0 and suppose ez(-) is a character satisfying €z(z) = 1. Let 
P = M Z/2Z be the crossed product of M by a^; P is the von 
Neumann algebra generated by M and a unitary A satisfying A^ = 1 and 
AxA”^ = az{x), Vx £ M. Each ag can be extended to an automorphism 
dig of P by setting 

ag(A) = ez{g)X. 

Similarly, p can be extended to an endomorphism p of P by setting 

p(A) = A. 
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Then g i-i- dig defines an action of G on P, and we have 
&g o p = p o &-g, \/g £ G. 

Moreover, 

[&g] = [oth] iff 5 - ft G {0, z} 

and if Go C G is a set of representative elements for the {0, 2 }-cosets of 
G, we have 

[f] = [id] 0 2[&gP]. 

We will refer to an orbifold category of this form as (CG,A,e)z; it is a 
Z/2Z-deequivariantization of Cg.a.c- 

Example 2.4. 1. The principal even part of the 2D2 subfactor is a 

Z/2Z-deequivariantization of a generalized Haagerup category for 
G = Z/4Z |Izul5| . 

2. The even parts of the Asaeda-Haagerup subfactor are Morita equiv¬ 
alent to a Z/2Z-deequivariantization of a generalized Haagerup cat¬ 
egory for G = Z/4Z X Z/2Z |GIS15| . 

3 Outline of method 

We will compute quantum doubles of several examples of generalized 
Haagerup categories and their equivariantizations and de-equivariantizations. 
The tube algebras of the regular (non-orbifold) categories, the equivari- 
antizatized categories, and the de-equivariantized categories all have dif¬ 
ferent formulas for bases and multiplicative structure constants. But the 
general method to compute the quantum double is similar, and follows 
the approach of |Izu00llTzu01| . 

In each case we begin by writing down a basis for the tube algebra 
and formulas for the multiplicative structure constants with respect to 
that basis. Then to compute the quantum double, we need to find matrix 
units for the tube algebra. 

For simplicity we will discuss the non-orbifold case. Since the tube 
algebra is large, we first consider the group-like part Ac of the tube 
algebra: the span of elements of the form (og an)- This subalgebra 

can be analyzed using the group structure. Formulas for the matrix units 
can be expressed in terms of characters of G. (For the orbifold cases it is 
a little more complicated.) 

Next, for each g and ft in G we consider the subspaces Aag,a,^p spanned 
by elements of the form (og Q-hp)- If u £ Aag,ahp is a partial 

isometry such that vv* is a minmal projection p in Aag, then v*v is a 
minimal projection in Aahp\ these two minimal projections are equivalent 
in the tube algebra and have the same central cover. In this way we can 
find the minimal central projections in Aa^p whose central cover in the 
tube algebra is also the central cover of a minimal projection in Aag ■ 

Once we have all of the minimal central projections in the various 
Aag and the corresponding minimal central projections in Aaf^p, we can 
combine those which are equivalent in the tube algebra, and we then have 
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all of the minimal central projections in the tube algebra which are not 
orthogonal to Ac- 

A significant shortcut in this step is that we only need consider one g 
out of each pair {g, —g} and only one h out of each class {h + 2k}keG, 
since we have equivalences in the tube algebra between and 1 q _3 
and between la^p and iah+ 2 kP implemented by the unitaries 

(og p|l|pa_g) and {ahp ak\l\ak ah- 2 kp), respectively. 

Once we have all of the minimal central projections which are not 
orthogonal to Aa, we look at the part of the tube algebra which is or¬ 
thogonal to Ag- The main tool here is diagonalization of the T-matrix. 
For each h (again, up to equivalence by addition by 2k for some k), we 
write down the matrix of the component of t in Aa^p, with respect 
to our chosen basis Ba^p of Aa^pi ^'Hd find its eigenvalues. 

Here it is easier to first figure out what the eigenvalues are through 
numerical calculations, and then verify directly that satisfies the 

appropriate minimal polynomial. Then we can compute the projections 
onto the eigenspaces of the T-eigenvalues. The linear algebra at this stage 
tends to get more difficult, even for a computer, since the T-eigenvalues 
seem to be (|G|^ -I- 4)*^ roots of unity, as opposed to the |G|*^ roots of 
unity which appear in Ag- The coefhcients of the projections with respect 
to the basis Ba,,p may therefore lie in a complicated number field. 

A significant challenge is deciding when the projections onto the tc^^p- 
eigenspaces are minimal in Aa^p and when minimal central projections 
in different Acf^p with the same T-eigenvalues are equivalent in the tube 
algebra. Sometimes we can figure out the structure of the tube algebra 
by counting dimensions of intertwiner spaces, but other times more care 
and creativity is needed. 

Once we have computed all of the minimal central projections, we can 
compute the S-matrix using (E31) or fIM . Sometimes it will be difficult 
to find nice expressions for those projections which are orthogonal to Ag, 
which precludes the possibility of using (ESJ or (1^ directly. If the 
multiplicity of the T-eigenvalue of such a projection Pi is 1, then Pi is 
a projection onto an eigenspace of t, so we can express Pi as a. linear 
combination of powers of t. Then we can first calculate 

<(>A(So(t")t') 

for powers k,l of t, and use this data to find the S-matrix entries for 
pairs of projections Pi and Pj. The advantage here is that the required 
multiplications in the tube algebra in (12.31) can now be carried out in a 
simpler number field. 

We use Mathematica to perform arithmetic in the tube algebra. The 
input is the set of structure constants for each g and h (representing the 
equivalence classes mentioned above) for multiplication in Acg, multipli¬ 
cation in ActhP, multiplication on Acg x Aag,ahp, involution on Aag,ahp, 
multiplication on Aag,af^p x Aa^p-ag, multiplication on Aa^p-ag ^ 
Aag,ahp- This is enough data to follow the outlined steps. 

However, we emphasize that a large portion of the calculations can 
be carried out by hand. In particular formulas for the minimal central 
projections of the tube algebra which are not orthogonal to Aa can be 
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computed by hand, at leeist for the small rank examples we consider here. 
The corresponding parts of the S-matrix can then also be computed. The 
part of the calculation which requires a computer is the diagonalization of 
the T-matrix on the orthogonal part of the tube algebra, and calculating 
the corresponding block of the 5-matrix. 

Finally, we note that it would be desirable to be able to describe the 
structure of the tube algebra of a generalized Haagerup category for an 
arbitrary group in terms of properties of the cocycle e. We do not resolve 
this problem in this paper. 


4 Quantum doubles of generalized Haagerup 
categories 

A description of the quantum double of a generalized Haagerup category 
associated to a group of odd order was given in |Izu01| . Further exam¬ 
ples of such categories were computed and the corresponding modular 
data was simplified and analyzed in |EG11| . In this section we give the 
multiplication formulas for the tube algebra in the general case, which is 
somewhat complicated by the presence of the cocycle e. 

We then compute the modular data for categories associated to the 
two order 4 groups. 

4.1 The tube algebra a generalized Haagerup cat¬ 
egory 

Let Cg.a.e be a generalized Haagerup category. Let 


^ = Wgjgea U {agp}geG- 

We will use similar notation as in |Izu nU: the group G will represented 
additively and the objects ag and Ogp will be denoted g and gp inside the 
parentheses for a tube algebra element. We introduce a basis for Tube A 
as follows. Let 

Bg = {{g k\l\k g)}g,keG u {(p kp\l\kp - g}g,kGG, 

^G,qp ~ {(5^ kP\T2k + g — h\kp hp) 5 

kp\Th — g\kP g^}g,h,k^G^ 

^GP ~ {(^iP kp\Tk — h2~\-g'^hi—k + g\kP h2p)} h-l ,h2 ,k,gGG‘i 

U{(jtP kp\SS*\kP 2k-hp)}h,keG U {{hP k\l\k h-2kp)}h,keG- 
Then 

H = Hg U Bg.gp U Bgp,g U Bgp 
is a basis for Tube A. 
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We will write Ag for the span of Bg, Ag,gp for the span of Bg,gpj 
for the span of elements of the tube algebra of the form {g h\l\h g), and 
similarly for other subsets and elements of A. 

We can compute the multiplication and involution for Tube A in terms 
of the basis B, using (I2.1II - (I2.2I) and (I2.5II - (I2.8I) . 

We first collect some basic facts. Note that 

(Og, = (^OigP^ Q/iP) = 

(O^g, O-hp ) = (^OigP, Oi.}iP ) = CTg^fi. 

The tube algebra multiplication formula Equation 12.11 requires sum¬ 
ming over 

{v G Ao :v ^ CC'} 

and isometries in each {vAO satisfying the Cuntz algebra relations. For 
generalized Haagerup categories, all of the nonzero spaces (v, QC,') are 1- 
dimensional and spanned by either 1 or a Cuntz algebra generator; we 
take 1 or the appropriate Cuntz algebra generator in each case as our 
canonical isometries for computing the tube algebra multiplication. 

We will now give formulas for multiplication and involution in the tube 
algebra in terms of the basis B. We omit a few cases that are not needed 
in any following computations (namely multiplication from Ag,gp ^ -^gp 
to Ag,gp fhe involution on Agp)- 

The following useful Cuntz algebra calculations are immediate from 

(1231)-(iTSl). 

Lemma 4.1. We have the following identities in the Cuntz algebra. 

S*p{Ta)S = 0 , S* p{Ta)T: piS) = 5a,-beai-a)^ 

S*p{TaT:)SS*p{S) = 5,,iea{-a)ei{-b)^, Sp{SS*)SS‘-p{S) = ^ 

S*piSS*)TaT:p{S) = Sa,b^, Tap{SS*)SS*p{Tb) = ebi-b)^TaTlt 

T:p{SS*)TbT:p{n) = e4-e)^A-4c + e,b- c)TaT,*_,_e 

'^a p{Tb)Tc = tb(—b)A—b{b + a, 6 + c)Ta+6+c 
Tap{SS*)SS*p{Tb) = eb{-b)^TaTl, 

S* p{TaT^)TcT* p{S) = 6b+c-a,eeai—a)eb{—b)^A-b(b — a,b + c) 


T:p{TbTA)T,T}p{Tg) = eb{-h)e,{-c)eg{-g)[ 5 a,-b&c,-.&f,-gSS* 

+ + b,b-c + j)A-g(f + g,e- f + j)A-o{j, c + e) 

jeG 


Tj^b — c-\-a 


'^j+e-f-g] 


T:p{Tb)T:pin) = ebi-b)te{-e)[S^,-bSc,-eSS* 

+ 'y ^ A — b{ci + 6, 6 + C + j)A — e{c + e, j)Ta-\-b+c+jTj_e]- 
3 


15 


We can calculate the tube algebra multiplication rules using the for¬ 
mulas in Lemma HU 

Lemma 4.2. The adjoint operation on Ba and Bg,Gp is as follows. 

1 . 

{gk\l\kgY = {g -fc|l| - kg) 


2 . 


[g kp\l\kp - g)* = {-g kp\l\kp g) 


3. 


^g kP\T2k+g—h\kP hp) — h ‘lk){^hp kp\Th—g\kP p) 

Lemma 4.3. Multiplication among elements of Bg is as follows. 

1 . 

(g ki\l\ki g){g g) = {g k^_ + k2\l\ki -|- g) 

2 . 

{g ki\l\ki g){g k2P\Mk2P - g) = {g ki+k2P\Mki+k2P - g) 

3. 


( 5 fciP|iUiP -g){-gk2Y\k2 - g) = {g k^-k2pY\k^-k2P -g) 


4 - 

(g fcip|i|fciP - g){-g k2pWk2p g) = (p fci - felilfci - g) 

Thgfi ^ eg{r + ki- k2){g r-p|l|rP g) 
rea 

Lemma 4.4. Multiplication on Bg x Bg,Gp is as follows. 

1 . {g ki\l\ki g) ■ {g k2p\Ta+2k2-h\k2P hp) = 

^k\ {g h 2k2){g ki+k2P\3i'g+2ki+2k2 — h\ki + k2Php) 

2 - (fll fciP|l|feiP P2) ■ (p 2 k2p\Tg2+2k2-h\k2p h) = 

eki-g2-2k2+h{g2 + 2^2 - Cgi {v + ki - fe) 

reG 

A 2 ki-g 2 - 2 k 2 +h{r - ki + k 2 + g 2 - h,r - ki + k 2 + g 2 - h + 2gi) 
(ffl rP\T2r+2gi+g2 — h\rP h) 

Lemma 4.5. Multiplication on Bg,gp x B^p.g is as follows. 

(fll kip\T2ki +91-h UlP hp) ■ {hP k2p\Tf-gYk2p 32 ) = 

eki-h2+g2{h2 — g2)[Sgi-g2,o{gi ^1 “ fc2|l|fcl — ^2 P 2 ) 
■b'^91+92P ^ ^ fgi {r T kl — k 2 ) 

reG 

A 2 ki-h+g 2 {r -kl-k2 + h-g2,gi -p 2 )(pi rp\l\rp g2)] 
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Lemma 4.6. Multiplication on B(^p,G x Bg,op follows. 

{hiP kip\Ti.^^_g\kiP 9 ) ' {9 k2p\'^2k2+g — h2 1^2^ ^2p) ~ 

tki-2k2-g+h2 {"^^2 9 ~ h2)[S2k2-2ki+hi-h2,0-^{hiP ki — k2\l\ki — k2 h2p) 

-\-S2ki-2k2-2g-\-hi+h2,0^-g{9 + ^l) 

{hiP g + hi+k2 — kiP\SS \g^hi+k2 — kiP h2p) 

H“ ^ ^ —r — fci+^2 ^2) 

rJ^G 

^2ki —2k2—g+h2 ~ kl k2 9 ~ ^2, 2/^2 ~ 2A;i + /ll — + j) 

A 2 hi-r-ki+k 2 {-hi - 9 + r-\-ki- k 2 j) 

{hiP rp\Tj^r — ki+k2 + hi—h2Tj-\.2hi—r — ki+k2\'rP h2p)] 

Lemma 4.7. Multiplication among elements ofB^p is given as follows. 

1 . 

[h-yP ki\l\ki h2p) • {h2P k2\l\k2 h^p) = [h^p ki + A:2|1|^i + k2 h^p) 

2 . 

{,hxP kxp\^^ \k\P h2p)'{.h2p ^2|1|^2 /13P) = (/^iP ki—k2p\^^ Ui—^2^ h^P) 
3. 

(/ilP ^l|l|^l h2p)'{.h2p k2p\SS \k2p h^p) — i.hiP ki+k2p\SS \k 1 -\-k 2 P h^p) 

4- {hiP ^l|l|^l /12P) ' {k2p fc2p|2~A:2 —/j-3+g'2^/i2—^2+92 I^2P ^3 P) 

= tki {k 2 - h 3 -\- P2)efci {h 2 - k 2 -\- 92 ) 

{.hiP kx+k2p\'^2ki+k2—h^+g2^2ki+h2—k2+g2 Ui+fc2P k^P) 

5. (/iiP fcip|2^fci-/i2+9l^/il-fci+gi UlP h2p) ' {h2p ^2 | 11 ^2 h^p) 

{hiP ki—k2 p\'^ki—h2+gi '^hi —ki-\-gi\ki—k2P h^p) 

6. {hiP kip\SS \kiP h2p) ' {.h2p k2p\^^ U 2 P k^P) 

= ^{hiP ki - k2\l\ki - k2 h^p) 

3~ ^ ^ —r—fci + fc2 (^“l“^l“^2) (/ii P rPl^r + fc! —^2^2/11 —r—fei+fe2 I'^P k^P) 

rGG ^ 

7. {hipkip\Tki — h2-\-giTh^_l^^^g^\kiph2p)'ih2pk2p\SS | fc p 2A;2 —/i2 ) 

= [^2ki-hi-h2,0-^ihiP kl — k2\l\kl — k2 h2p) 

^ ^ C/ll —r —fci+A;2 ^^^7/ 

reG 

A 2 /ii-r-fc,+fc 2 (pi - hi -\-r - k 2 , 2 ki - hi - / 12 ) 

(/ilP rp\Tr + ki—k2T—r+ki+k2 + hi—h2\‘f'P k2p)] 
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8. {h^P k-ip\SS |fciP fc2P) ■ (fc2p fc2p|^fc2—%+91^fc2—fc2+91 ^3p) 


^ki—k2+h^—gi{^2 ^3 + Pi )cfci — ^ 2+^2 — 91 (^2 ^ 2 +Pi) 

[^ 21:2 — h2 —/i 3,0 ^2 (^ 1 P ^1 A ^2 11^1 ^2 h^P^ 

“t“ ^ ) C/i;^ —r—fci+A;2 “1“ ^1 ^ 2 )^ 

reG 

A2ki-k2+h3-gi{r - ki - h 3 + gi+ Z2, 2k2 - /13 - /12) 
(/ilP rp|Ti, + i;j+fc 2 -li 2 —> 13 ^—r+ 2 fci —fci+fc2 1’’/^ ^*3P)1 


9. 

{hiP fciPl^fcl—/i2+91^/il—fci+91 UlP h2p) 

•(/ 12 P fc2P I ^''^2 —^3+92^/12—^2+92 U 2 P /13 P) 

= efci-fc 2 + fc2-92(^2 - fc 2 + P 2 )efci-fc 2 + /l3-92(^2 “ /l3 +P 2 ) 

[<52fci-2fc2+/i3-/ilP^ 

A 2 ki-h 2 +k 2 -g 2 (^2 + ^3 — 2 ^ 2 , Pi + P 2 — fcl — + ^2 — ^2) 

(/ilP fcl - fc2|l|fcl - fc2 /13P) 

+ 5 fcj+fc 2 — 91 — 92 , 0 ^fcl—* 2 + 91 —92+/13 —/ilP^ —fcl +91 (^1 + ^1 “ Pi) 

(/ilP fc2+/il—9lPl‘^‘^ U 2 +/ 11 —9lP / 13 P) 

“t" ^ ) C/il—r —fci+fc 2 (/^~^ ^ 2 ) 

j,reG 

A2ki-k2+h3-g2{r - fcl - /I 3 +P2, j + 2fc2 - /I 3 - ^ 2 ) 
^2hi-r-fci+fc2(Pl - fcl - fc2 + !•, j + 2fcl - hi - h2) 
A2ki-h2+k2-g2Ut “fcl — fc2 + Pi + P 2 ) 

{hiP rp|rj + fcj_|_fc 2 —( 13 —;i2+r7); —r+fci+fc 2 -/i 2 + /il l’'P / 13 P)] 

Finally, we compute the action of So on the tube algebra in terms of 
the basis B. 

Lemma 4.8. Tfce action of So on B is given as follows: 


1 . 

So[(p fc|l|fc p)l = (-fc p|l|p - fc) 


2 . 

3. 


>S'o[(p kp\l\kp p)] = i(fcp p|l|p kp) 
So[{hp fc|l|fc hp)] = rf(-fc hp\l\hp - fc) 


So[(fcp fcp|SS*|fcp ?ip)] 


— i[(/=P /iPI'S'S' |/ip fcp) + 'y ) (l;p hP\TjTj \hp kP)] 
tec 
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5- S'o[(feP kp\Tk-h+gTf^_^^g\kp hpy\ — 

e-k{k- h + g)e-k{h - k + g))e-k-h+g{k + h - g)eh- 3 k+g{-h + 3k - g) 

[S2k-2h,o{kP hp\SS*)\hP kp) 

+ — h+3k — g{‘^h 2k, j)[kP hp\Tj-^k + h — gTj_i,_^^f._g\hp kp)] 

jeG 

We now determine the structure of Aa- For g € G and r G G, let 

Pig,^) = E k\l\k g), 

' ' k€G 

and let 

E{g,T) = 7^ E ^(*)(5 kp\l\kp - g). 

' ' keo 

Lemma 4.9. 1. The p{g,T) are mutually orthogonal projections which 

sum to the identity of Ac- 

2. If2g / 0, then 

E{g,T)E{g,T'y = 5r,r'P{g,-r). 

3. If2g — 0 and eg(-) is a character (which is always the case if all of 
the Ag{h,k) are nonzero) then 

E{g,T)E{g,T'y = 5 r,T'lpig,T) + 5 r,egnE{g,T)]. 

Proof. We prove (2) and (3). We have 


E{g,T)E{g,T'y 

= Efcp|iUp -g)j j 

\ k^G / \ l^G / 

= 17^ E 'r{k)T'{l)[{gk-l\S*akp{l)loig{S)\k-lg) 

' ' k,lGG 

+ J2^9rp\T). -\-k — l^kpi^)^G'g{Tr+k — l)\rp p)] 
tGG 

^ E 'kik)T{k-m){gm\l\mg) + '^eg{r+m){grp\Tf+rr,T 2 g+r+m\rpg) 

' ' k,meG r£G 


f 1 \ 1 

— ^ r'{m){g m\l\m g) + <529,ot;77| E( E r'(m)eg(r + m))(g rp\l\rp g) 
\ 1^1 m€G / I I rGG m€G 

= 5 t , t ' p(5,^) + 52s,0i^^ ( ^ 'r(m)e3(r + m)| (3rp|l|rP3) • 

I I rGG \m€G / 


19 



If 2g 7 ^ 0, then the second term vanishes and we get (2). If 2^ = 0 and 
eg is a character, then 

+ '^))(5 rp\l\vp g) = 

‘ ‘ rSG m£G 



= S,^,^\G\E{G,r), 

and we get (3). □ 

Corollary 4.10. If eg is a character for all g £ G such that 2g = 0, then 
the minimal central projections of Ag nre: 

pig, t) + pi-g, f), g^-g (£G 

Pig,T)^ = 2^Pi9,T) ± E{g,T)), g = -g £G, t = f ^ eg £ G 
Pig,T) +p{g,f), g = -gG G, t £G 
Pigf = ^iPig,T) + dE{g,T)) and 

Pig)^ = ^i- — -pig,'r) - dEig,T)), g = -g £ G,t = eg £ G. 

A n 

Remark 4.11. Corollary 14. lOl implies that the number of irreducible half¬ 
braidings whose underlying object contains an invertible object is given 
by 

i(|G|^+3|G2|"), 

where G 2 is the subgroup of order two elements of G. 

Finally, we note a relation among the subalgebras Af^p. For fixed 
h^ h £ Gq , let 

Uh,k = ihp k\l\k h-2kp)- 

Then 

Uh,k = ih-2kP - fc|l| - fc hp), 

and 

nhA^hA ~ l/iP’ ~ ^h — 2kP' 

Therefore is equivalent to l;,_ 2 fcp in the tube algebra and Mh,k = 
Ad{uh,k) maps isomorphically onto A^_ 2 ^p- 

4.2 Example: Z/4Z 

For G = Z/4Z, it was shown in |Izul5| that there is a unique generalized 
Haagerup category Cc./i.e- We label the elements of G by {0, 1,2,3}, in 
that order. The structure constants are as follows: 

£ 1 ( 3 ) = £ 3 ( 1 ) = —1, £ 2 ( 3 ) = (—1)®, £g(/i) = 1 otherwise. 

Let 

1 + V5 , I 1 + V 5 

2 ^ V 2 
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Define G x G matrices as follows: 



/ d-2 

-1 

-1 

-1 



/ 1 

1 

1 

1 \ 

1 

-1 

-1 

a 

—a 

Bi = 

1 

1 

1 

-1 

d- 1 

-1 

a 

-1 

a 


1 

1 

1 

-1 


'v -1 

—a 

a — 1 



'v 1 

-1 

-1 

1 / 


Set 

Aoih,k) = A{h,k), Ai{h,k) = Bi{h,k)A{h,k) 
and define the remaining Ag{h,k) by 

Ag+2h{p, q) = (-h[g)th{g + p)eh[g + q)th{g + p + q)Ag{p, q), (4.1) 

which is one of the structure equations for a generalized Haagerup category 

|Izul5| . 

We will describe the tube algebra of Cg.a.c- 

Using Corollary 14.101 we can list the 14 minimal central projection in 
Ag- We label the elements of G by their values on 1 , namely 1 , — 1 , i, —i. 
Then the minimal central projections of Ac are: 

{p( 0 )°,p( 0 )\p( 2 )°,p( 2 )\p( 0 ,-l)±,p( 2 ,l)±,p( 0 ,i)+p( 0 ,-i),p( 2 ,i)+p( 2 ,-i), 

P(l. 1) +P(3, l),p(l, -1) +p(3, -l),p(l, i) +p(3, -i),p{l, -i) +p(3,i)}. 

For g,h € G and t £ G, let 

J{T,g,h) = '^r{k)(g kp\T2k-h+g\kP hp)- 

' ' k€G 

We compute K(T,g,h) = J{t, g,h)J{T, g,h)* for all r, for g = 0,1,2, 
and for h — 0,1- We do not need the other values of g and h because Ai 
and ^3 are isomorphic, and similarly Af^p and Ai^^^p are isomorphic for 
all h. Let p — A/(A —4). Then K{T,g, h) is given by the following tables. 
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From these tables we can write down the 14 the minimal central projec¬ 
tions in the tube algebra corresponding to the minimal central projections 
of Ag- Let L(T,g,h) = J{t, g,h)* J{t, g,h), and let M = Mo,i -I- Mip, 
which maps Ap + A-j^p isomorphically onto A 2 P + A^p. Then the following 
are minimal central projections in the tube algebra. 

A = p(0)° P 2 = p{2f 


P 3 = p{0y +-{id + M){L{1,0,0) +L{1,0,1)) 

Pi = p{2)^ +-{id+ M){L{-1,2,0) +L{-1,2,1)) 

P5 = p{0,-l)++ ^{id + M)L{-l,0,0) 

Pe = p{2,l)+ + ^{id + M)L{l,2,0) 

Pj = p(0, —1) + -(id-I-M)L(—1, 0,1) 

Ps = p(2,1) +-(id-I-M)L(1, 2,1) 

P 9 = p(0, i)-l-p(0, —i) -I- (id -I- M)(L(i, 0,0) + P(i, 0,1)) 

Pio = p{2,i)+p{2,-i) + {id + M){L{i,2,0)+L{i,2,l)) 

Pii — J5(l) 1) + p(3,1) + {id + M){L{1,1, 0) + L{1,1, 1)) 

P12 = J5(l) “ 1 ) + p(3,— 1 ) -f (id -|- M)(L(— 1 , 1 , 0 ) + P(—l, 1 , 1 )) 


Pi3 = J 5 (l,i) -l-p(3, -i) -I-(id-I- M)(L(-i, 1, 0)-I- L(-i, 1,1)) 


Pi4 = p(l, —i)-l-p(3,i)-I-(id-I-M)(L(i, 1, 0)-I-L(i, 1,1)). 

This immediately tells us the structure of the corresponding 14 half¬ 
braidings of Ca,A,e- 

Lemma 4.12. 1. oq o-nd 02 each have a unique half-braiding. 

•2. Og + X] 2ag -I- X] ®^P each have a unique irreducible half- 

heG heG 

braiding for g G {0, 2}. 

3. ag + ahP + ah+ 2 P has a unique irreducible half-braiding for g £ 

{ 0 , 2 }, he {0,1}. 


22 



4 - ai + 03 + X] ^aP four irreducible half-braidings. 

g&G 

Proof. Each Pi, 1 < i < 14, corresponds to an irreducible half-braiding, 
and the multiplicity of a simple object ^ G A in the underlying object of 
the half-braiding associated to Pi is given by the rank of Pil^. □ 

The t eigenvalues of Pi — P14 are given by the vector 


Let 

th = d{hp hp\SS*\hp hp), 

the component of t in A^p. We would like to know the eigenvalues of left 
multiplication by t^. It is difficult to compute the eigenvalues directly, 
but we can approximately calculate the eigenvalues numerically and figure 
out what they are, and then verify directly that these values are correct 
by checking that th satisfies the appropriate minimal polynomial. 

Let 


q{x) = {x* 


1)(®^ — e 5 — e 


^ ){x — e ^ ){x — e 5). 


Lemma 4.13. For each h, the eigenvalues of th are 
{±l,±i,±e=^^,e*^}. 


Proof. We write down the matrix th of left multiplication by ti, with 
respect to the basis B^p, and check that q{th) = 0, and that th is not 
annihilated by any proper factor of q(x). □ 


For each eigenvalue ( of th, let qc(x) = q{x)/(x — Cf). Then the pro¬ 
jection onto the ^-eigenspace is given by 


pi = 


'Jc(C) ' 


Note that dim(^^p) = 20 and dim(^^p,^^jp) = 16 for all h £ G. 

4Tvi iTvi 

Lemma 4.14. 1. The projections Ph~^ ,Ph are not mini¬ 

mal in Af,^p. 

2. Each Af^p is Abelian. 

3. The ten minimal projections in ^^p which are orthogonal to Pi — P14 
have th-eigenvalues {±i, ±e^Tv“,e^~}, with e^~ each occurring 
twice. 

4 . The projections Pq — L{—i, 1, 0) and p\ — L{—i, 1,1) are not equivalent 
in the tube algebra. Similarly for the projections Pq' — L{i, 1, 0) and 
pf^ - L{i,l,l). 

5. For each th-eigenvalue ( which is not a fourth root of unity, p^ is 
equivalent to pj in the tube algebra. 
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Proof. We check directly that is not equal to the component of P13/14 
in A^p, which shows that pj* are not minimal. We can also check the 

47ri 

action of ^ on the basis and see that the range of each of these 
projections has dimension greater than one. Therefore, there are at least 
10 mutually orthogonal nonzero projections in Af^p for each h which are 
also orthogonal to Pi — P14. Since there are also 10 mutually orthogonal 
nonzero projections in each Af^p which are subordinate to the sum of Pi 
to Pi4, and dim(^^p) = 20, this implies that A,^p is Abelian, and then we 
know the t;i-eigenvalues of all 20 minimal central projections. This proves 

(l)-(3). 

Let p be the componet of orthogonal to P13/14. Then we can 
compute the entry of the S'-matrix corresponding to the central cover of 
of p in the tube algebra and the identity using Equation 12.31 and this 
entry is ^ for all h and ±. Therefore the object of the half-braiding 
corresponding to the central cover of p has dimension 2d, so p is equivalent 
to a projection in projections in This shows 

(4). 

Finally, since dim(^^p,^^jp) = 16 we get (5). 

□ 

Corollary 4.15. 1. The object o-gp has eight irreducible half-braidings. 

gea 

2. The object a^p + OLh+2p has two irreducible half-braidings for each 
h ^ {0, 1}. 

To write down all the minimal central projections in the tube algebra, 

the only remaining task is to decompose each p% , and for each of 
these two eigenvalues, to match up the two subprojections for h = 0 with 
the two subprojections for h = 1. The decomposition can be achieved 
by multiplying each p^ by x and x^, where x is some basis element in 
13. p, and then solving a quadratic equation in the coefficient vectors of 
Ph’ ^Ph’ ^'^'4 with respect to B^p. This calculation can be done 

with a computer and we do not have any nice expression for the minimal 
subprojections of p^. The resulting subprojections can then be matched 
up by checking which pairings give a consistent S-matrix, which we can 
then compute. 

Theorem 4.16. 1. The guantum double of the generalized Haagerup 

category for "Lj^ has 26 simple objects, which we label by the inte¬ 
gers 1, ..., 26. 

2. The eigenvalues of the T-matrix are given by the vector 

(1,1,1,1,1,1,1,1,1,—1,1,—l,i, —i,i,—i,i,—i, 

_3Ti _3Ti 37^ 37^ _i2LL — iZLL 4777 

g 10 ^ _g 10 ^ g 10 ^ _g 10 ^g ^,6 

3. The S-Matrix is as follows: 

• S'(i_i4)x(i-i4) is the matrix 
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• S(i5-26)x (15-26) the matrix 



C3 

C2 

Cl 

C4 

1 

-1 

-1 

1 

1 

-1 

-1 

1 

C2 

C3 

C4 

Cl 

-1 

1 

1 

-1 

1 

-1 

-1 

1 

Cl 

C4 

C3 

C2 

1 

-1 

-1 

1 

1 

-1 

-1 

1 

C4 

Cl 

C2 

C3 

-1 

1 

1 

-1 

1 

-1 

-1 

1 

1 

-1 

1 

-1 

C2 

C3 

Cl 

C4 

C2 

C3 

Cl 

C4 

-1 

1 

-1 

1 

C3 

C2 

C4 

Cl 

C2 

C3 

Cl 

C4 

-1 

1 

-1 

1 

Cl 

C4 

C2 

C3 

C4 

Cl 

C3 

C2 

1 

-1 

1 

-1 

C4 

Cl 

C3 

C2 

C4 

Cl 

C3 

C2 

1 

1 

1 

1 

C2 

C2 

C4 

C4 

C3 

C3 

Cl 

Cl 

-1 

-1 

-1 

-1 

C3 

C3 

Cl 

Cl 

C3 

C3 

Cl 

Cl 

-1 

-1 

-1 

-1 

Cl 

Cl 

C3 

C3 

Cl 

Cl 

C3 

C3 

1 

1 

1 

1 

C4 

C4 

C2 

C2 

Cl 

Cl 

C3 

C3 



where Ck = 2 eos^ G {±i ± 

• <S'(i_ 4 )x(i 5 - 26 ) = ('S'(i 5 - 26 )x(i- 4 ))^ the matrix 
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• >S'{ 5 - 8 )x( 15 - 18 ) “ (>S'( 15 _ 18 )x( 5 - 8 ))^ ^^6 matrix 

f 1 1 -1 -1 \ 

1 - 1-11 1 

4-1-11 1 

VI 1 -1 -1 / 

• All other entries are 0. 

Remark 4.17. It was observed in |EG11 | that the 13*^ roots of unity 
which appear in the T-matrix for the quantum double of the Haagerup 

12J^7ri 

subfactor (corresponding to the group Z/3Z) are e ra , for 1 < Z < 6, 
and the entry of the S-matrix corresponding to 1,1' is —-^cos(2y^). 
Here the 20*^ roots of unity which appear in the T-matrix and are not 

also fourth roots of unity are 20 , for 1 < / < 4. However, we did not 
find a similarly nice expression for the corresponding 8x8 block of the 
5-matrix. 


4.3 Example: Z/2Z x Z/2Z 

For G = Z/2Z X Z/2Z, it was shown in |Izul5| that there is a unique gen¬ 
eralized Haagerup category Cg,a,€ The structure constants are as follows. 
We label the elements of G by {0, a, b, c}. Set 

ea(a) = eb{b) = ec(c) = ea(c) = tbia) = ec{h) = -1, 

and 

tgih) = 1 

otherwise. Note that e is a bicharacter. Define G x G matrices as follows: 



/ d-2 -1 -1 -1 \ 


/II 1 1 \ 

1 

— 1 —1 Vd %/d 


1-11-1 

d- 1 

— 1 \/d —1 y/d 

, Ba = 

11-1-1 


\ -1 Vd Vd -1 j 


-1 -1 1 J 



/ 1 1 

1 

1 V 


/II 1 1 \ 

Bb = 

1 1 

-1 -1 


1 - 1-1 1 

1 -1 

-1 

1 

1 - 11-1 


'v 1 -1 

1 -1 y 


1 -1 -1 / 


Set Ao = A and Ax{g,h) = A{g,h)Bj:{g,h) for x G {a,b,c}. We 
consider the tube algebra of CG,A,e- 

For each g G G, let g G G be the character defined by eg(-). Since 
G = G 2 , Ag is Abelian, and we can write down its 32 minimal central 
projections using Corollary 14.101 They are: 

p{g)°,p{gy,9 & G 

and 

pig,h)'^,gj^ hsG. 
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For g,h £ G and t ^ G, let 

J{r, 9,h) = ^(*)(5 kp\Th+g\kp hp)- 

' ' fc€G 

We compute K(r^ p, h) = J(r, g, /i) J(r, g, h)* for all r, g, h. We have 
K{g,g,h) = p-p[gY, 

and 

K{k,g,h) = p{g,k) + o{k,g,h)E{g,k), k^g 
where a{k,g, h) is a sign. 


Table 3: The sign a{k, g, h) 



g=0 g=a 


Table 4: The sign <j{k, g, h) 



g=b g=c 


From these tables, we can write down the corresponding 32 minimal 
central projections in the tube algebra as linear combinations of projec¬ 
tions in Ag and the elements L{T,g,h) = J{t, g,h)* J{t, g,h): 

P{ 9 )°, P{ 9 y + - ^^9, 5, h), g £G 

^ hea 

P{9,k)^ + ^cr(k,g,h),:L^{^‘> 9f ^ 9 ^ ^ ^ 

^ h^G 

This tells us the structure of 32 half-braidings of Cg,a,€. 

Lemma 4.18. 1. For each 9 G G there is a unique half-braiding for 

OLg . 
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2. For each g £ G there is a unique irreducible half-braiding for ag + 

E O-aP- 

keG 

3. For each g,h,k £ G with h ^ k there is a unique irreducible half¬ 
braiding for ag + ahp + akp- 

Each Af^p has dimension 24, and A^p,^p has dimension 20 for k h. 
On the other hand, for each h exactly 16 of the 32 known minimal central 
projections are not orthogonal to with an intersection of 12 for A^p 
and A^p, k ^ h. Therefore the subalgebra of A^p which is orthogonal to 
the known minimal central projections has dimension 8 for each h, and 
these subalgebras are mutually unitarily equivalent in the tube algebra. 

To find the remaining miminal central projections, we once again figure 
out the eigenvalues of with respect to B^p numerically, and then verify 
the minimal polynomial precisely; it is 

q{x) = (x^ — — e~^)(x^ — e~^). 

As before we let gi;(x) = and 




We define projections 


r(r, ^) = T ^ 'T~(^)(hP k\l\k hp), r ^G. 


kGG 


Then for each h and ^ G {—}, the set {p‘f-r{T, h)}^^Q contains three 
distinct nonzero projections. The last remaining step is to match up the 
components of for different h. 

Lemma 4.19. The object E (^aP 8 half-braidings, one each with 

aeG 

I 27rt I 27ri 

T-eigenvalues e = and three each with T-eigenvalues —e s . 

We can now write down the 40 x 40 S'-matrix using (iTil) . However it 
turns out that in this case the modular data decomposes into a simpler 
form. 

Lemma 4.20. Consider the unique half-braidings corresponding to the 

objects id, id + E <^kP, + p + OaP, Oa + atp + a^p, a6 + p + abp, 

keG 

as + aap + acp, Oc + p + OcP, Oc + QaP + ObP, and the two half-braidings 
for E O-aP ixith T-eigenvalues e^~. These ten objects of the quantum 

g£G 

double generate a modular tensor subcategory. 

Proof. We compute the S-matrix and check the fusion rules using the 
Verlinde formula. □ 


Theorem 4.21. Consider the matrices 
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/ 5-2V5 

5 + 2^/5 

5 5 5 

5 

5 


5 

4^5 

475 


5 + 2V5 

5-2^/5 

5 5 5 

5 

5 


5 

-4^5 



5 

5 

15 -5 -5 

-5 

-5 


-5 

0 

0 


5 

5 

-5 15 -5 

-5 

-5 


-5 

0 

0 

1 

5 

5 

-5 -5 15 

_5 

-5 


^5 

0 

0 

20 

5 

5 

-5 -5 -5 

15 

-5 


-5 

0 

0 


5 

5 

-5 -5 -5 

-5 

15 


-5 

0 

0 


5 

5 

-5 -5 -5 

-5 

-5 

15 

0 

0 


4^5 

-4^/5 

0 0 0 

0 

0 

0 

10 + 2V5 

-IO + 2V5 


\ 4y/5 

-4V5 

0 0 0 

0 

0 

0 

-10 + 2^5 

IO + 2V5 



f ^ ' 

1 

1 






1 

1 1 

-1 

-1 











? 




2 

1 -1 

1 

-1 







1 1 -1 

-1 

1 






and the diagonal matrices Ta and Tb given by 

Diagonal{Ta) — ( 1 , 1 ,- 1 ,— 1 ,- 1 ,— 1 ,- 1 ,— 

and 

Diagonal{Tb) = (1, —1, —1, —!)• 

With an appropriate ordering of the simple objects, the modular data 
of the generalized Haagerup category for Z/2Z x Z/2Z is given by 

S = Sa®Sb, T = Ta<^ Tb. 

The pairs of matrices {Sa,Ta) and {Sb,Tb) each form modular data, 
with (ST)^ — —I in each case. The rank 4 modular tensor category 
of invertible objects of the quantum double, which corresponds to the 
modular data {Sb, Tb), is related to D4 (see |RSW09| 1: the rank 10 modular 
modular category corresponding to {Sa,Ta) appears to be new and is not 
realized as a quantum double. 


5 The quantum double of an equivarianti- 
zation of a generalized Haagerup category 

We now consider an equivariantization of a generalized Haagerup category 
coming from the orbifold construction described in Section 2. Let G, A, e 
be as above, represented by automorphisms ag,g G G and an endomor¬ 
phism p on an infinite factor M, satisfying dugi-dizi), and let 6 be an 
automorphism of G with period m which leaves A and e invariant. Let 7 
be the corrseponding automorphism of M. 

Since the Z/mZ equivariantization of Co, a, a is Morita equivalent to the 
Z/mZ-graded extension of Ca,A,t generated by 7 , to study the quantum 
double it suffices to consider the latter. 
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5.1 The tube algebra of the Z/mZ-graded exten¬ 
sion 

Let 

A = {7*a9}o<i <m — 1 , g^G L) {o;gp}o<i<m — 1 , g€G' 

In writing elements of the tube algebra we will represent the automor- 
pism y'ag by the pair {i,g). We introduce a basis for Tube A as follows. 
Let H be the semidirect of G with Z/mZ determined by 0. Let 

Bh = {((*,fl) {j,k)\l\{j,k) {i,e~^{g))}o<i,j<rr^-i, ,g,keG 

(j,k)p\^\(j,k)P (L ^ {k) ^ {g) ^))}o<i,j<m—1, g,k^G^ 


^H,hP — {((LP) (i,fc)p| 2 l 9 i(g) + 0 j(fc) + 0 «+ 3 (fc_h)|(j,fc)P (i,/i)P)}o<'i,i<m— 1 , ,g,h,keGj 

~ {i(i,h)P (i,fc)P|2^e7^) + S'> (fc) —0*+^ (a + fc) I (j>*:)P 9))}o<i,j<m—l, ,g,h,kGGt 

^HP {((i.aiP (j,fc)Pl^m+9.? (fc)+9*+J ( —/i) 

'^m+6'(g) + e'+3 (-k)\(j,k)p (L ^))}o<i,i<m-l, ,g,h,k,meG, 

^{((79)P (ji^iPl*^*^ \(j,k)P (L ^ T P (^) 9 (^g')')')}o<i,j<m—l, ,g,kGG^ 

U{((i. 9 )P O'. *)|1|0. k) (i, -k - e~\k) + P”-’( 3 )))}o<i.j<,„-i, .g.fceG- 

Then B = Bh UBh,hp^Bh,hp ^^hp,h is a basis for the tube algebra. 

We now write down the tube algebra multiplication rules, but for sim¬ 
plicity we only write down the multiplication in each rather than 

for all of Ajfp. This is all that is needed to compute the modular data in 
our example below. 

Lemma 5.1. Multiplication in Ah is given as follows: 

1 . 

iihg) U,h)\mj,h) {i,l)) ■ {{i,l) {k,m)\l\{k,m) (i,n)) 

= iihd) {j + k,e~’‘{h)+m)\l\{j + k,e~’‘{h) + m) (i,n)). 

2 . 

iihg) ij,h)\l\ij,h) (i,Z)) • {{i,l) (fc.m)P|l|(fc.m)P (*,«)) 

= iihg) (j + k,e-k(h)+m)pm(j + k,e-k(h)+m)P (L^))- 

3. 

iihg) (i,/i)P|l|(i,/i)P 0.0) • (0.0 (fe,m)|l|(fc,m) (i,n)) 

= ((Op) (j + k,e-k(h)-m)P\^\(j + k,e-k{h)-m)P (O’^-))- 
Lemma 5.2. Multiplication on Ah x Ah,hp is given as follows: 

1 . 

(O.p) ij,h)\l\{j,h) {i,g))-{{i,g) {k,i)p\TeHg)+ek(i)+gi+k(i_^)\(k,i)P (i,m)P) 

= ehie\g) + e\l) + e^+\l-m)) 

(O.p) (j + k,e-k(h) + l)p\Tg^(2h) + 0i+i(g)+0i + k(^l)^gi+j + k(^l_^)\(^j^f,^g-k(^h) + l)P (i )P) 
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2 . 


o') (j,h)p\^\(j,h)P p))'((^7 p) (fc,OPl^5^(g)+0^ (^—''^) I (i,'m)p') 

= e.H{e\g) + e^{i) + e^+'°{i-m)) 

£fl 3 (_ 2 ?i) + eJ + »(g) + 0^ + '“(i)+fli+j + '=(i-m)(^'’ (2^) —— 

J2e,{e^+\c-i) + e^ih)) 

c€G 

Aei(2h)-ei+*(g)-e3+>‘(i)+9*+i+'^(m-i) i—6^ih)+6^^*‘{c)+6'''^^{g)+9’''^^^'°{l—m), 
e^+^{g + h)+ e*+^+'"{c -m)+ e^+^{l) + e\2g) - e\2h)) 
iihg) 0' + fc,c)p|Tg«(2g) + e3 + '=( c) + 6*”l"J + ^ (c — m )-e3 (h) + ei+3(g + h)\u + k,c)P (i ,m )P) 

Lemma 5.3. Multiplication on Ah,hp x Afjp,H is given as follows. 

iihg) (fc.i)p|Tei(9) + efc(0 + e* + '=(i-m)l(fc,0P (i,m.)P) 

'i{i,m)P (p,ij)p|T'e*(m) + eP(ij) + 6 l»+P(ij-g)l(p. 9 )P (*) fl)) 

= ei{e\m) + e^{q)+e^+^{g-q)) 

^-ek{2i)+9k+i(m)+ek+p(q)+ek+i+p(g-q) (o'^ (21){q)+6'^^’''^^{q—g)) 

[Sgk 

(2/) —6* + ^ (m) —+ —ff) (9) + ^^ (i) + 6* + ^ (i —m) 

((i,g) {k+p,9~^(l)-q)\l\(k+p,9~^(l)-q) (i,g)) 

+ J2egi9'‘^^(c-q)+9\l)) 

cGG 

5 £)fc+p(c) + 6(»+fc + P(g-c)-e*(3),0 

^ 9 k{ 2 l)-ek + i(rn)- 9 k+P(q) + 9 k + i + P(q-g){9^'^^ (c) — 9^ {l)+9’''^'^ (m)+9''^^'^’’(g — q), 

9*{g) - 9^(1) + r+'=(0 + 9^+^{q) + - q) 

((‘^^g) (fc+p,c)p|i|(fc+p,c)P (^ip))] 

Lemma 5.4. Multiplication on on A„p,H x Ah,hp is given as follows. 

{(i,m)P (p,Q')P|P'0»(m) + 0P((j) + e* + P((j-9) l(p,l)P 

'((i^g') (k,l)P\^9^(g) + 9k(l) + 9^+k(^l_jyj^'^\(^k,l)P (i,m)p) 

= e-g{9\g) + e\l) + e^+\l-m)) 

£-eP( 29 ) + £l»+P(g) + S'=+P(i) + e* + '“+P(i-'m.)(^^(2g)—— 

c 1 

o_efc+p(i)+ei+fc+p(m-i),eH»p)-«p( 9 )+ 9 *+p( 9 ) ^ 

((i.m)P (p + fc,6»“''(Q) - l)\l\{p + k,9~'"(q) - 1) ) 

+ Y,^-m(9^*\c-l) + 9^(q)) 

ceG 

£-e*(2m)+e*+p+'=(c-i)+0“+p(ij)(® (2m) — P (c — 1) — 9(q))[ 

^9P + k(c)-eP(q),-9i+P(g) + 9i + k+p^rn,-l)^-e*(m) + 9P(q) + 9i+P(2q-g),-9i+P+k^c_l-) 

i(i,m)P (p+k,c)p\SS |(p+^;^c)P ( i,m) P ) 
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+ E 

rGC 

e'"+^{l) + e*+^+^{l -m) + e\m) - e^{q) + e'+^{q) + r) 

^0‘(2m)-e*+p+'=(c+e-'=((j)-i)(“^*(™')+^^('?)+^*'''''(2'?—9')+^*^^''"*'(c—0)''') 

((i,m )P (p+fc,c)Pl^r+0^(m) + 6P+^(c) + 6* + P(g) + 0^+P+^(/ —m) 

^r+e*(2m) + 6l*+P+*:(i-c) + e* + P(ij)l(p+fc,c)P (i,m)P )]] 

Lemma 5.5. Multiplication in .4^. is given as follows. 

1 . 

((i.9)p (i, ^)|l|(j.h)P (*,5)p) • ((i.9)p (fc,0|l|(fc,0p (i.9)p) 

= ((i. 9 )P {j + k,e~^{h) +l)\l\{j + k,e~'"{h) + l)p {i,g)p) 

2 . 

i(i,a)P (j,h)P\SS \(j,h)P (i,g)P) ' i(i,g)P {k , l)\l\{k , 1)p (i^g)p) 

= {(i,g)P (j+k,e-’‘(h)-l)p\SS \(j+k,e-’‘(h)-l)P (i,g)p) 

3. 

i(i,g)P O'l ^)|1|0') h)p (i,g)p) • {(i,g)P (k,l)P\SS |(fc,i)P (i,g)P) 
i(i,9)P (j+k,e-k(h)+l)P\SS ly+fc (i,g)P) 

I 

{(i.g)P (h) — 6^+3 (g)T.^j^gi(^g-^_gi+j \(j,h)P (-i,g)P) 

'i(i,g)P {k, l)\l\{k, l)p (i,g)p) 

= ((i,3)P (j + k,e-k(h)-l)p\Tm+9i(h)-ei+j(g) 

'rm+e-‘(g)-e-‘+3(h)\(j + k,e-k(h)-l)P (i,g)P) 

5. 

i(i,g)P U,h)\l\U,h) (i,g)p) 

■i(i,g)P (k,l)P\T„+gk (^i-i_gi+k (^g-iT.^_^_gi (^g-j_gi + k ^i-)\(k,l) p (i,g)P) 

= eh{n + e^{l) - P*+''(p))e^(n + e\g) - P*+''(0) 

((i.9)P (j + k,0-k(h) + l)p\Tgj(^n+2h) + e<.j + k)(l)-ei+3 + k(^g) 

Tg3(n+2h) + ei+3(g)-e^+3 + k(l)\(j + k,e~k(^h^^l-^p (i,g)p) 

6 . 

i{i,9)p U,h)p\SS \(j,h)P {i,g)p) ' {(i,g)P {k,l)p\SS |(fc,i)P {i,g)p) 

= -^i(i,9)p (j + k,e~^{h) -i)\i\{j + k,e~'"{h)-1) (i^g)p) 

c 

'=flH-29)+0*+j+'“(c+e-'“(/i)-o(“(^*(“2p) + + 9 '‘{h) — 0))^ 

i(i,9)p (j + k,c)p\Tg3 + k(^^.^_g-k(^f^-f_l-jTgi^2g)-ei+3 + k(^c+e-k(h)-l))\u + k,c)P (i,g)P) 
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7 . 


i(i,g)P O'A)Pl^m+03 (;i)-e>+j (g)T’m+ 0 *( 3 ) —6l*+3 (h) I U,h)P (i,g)P) 

'i(i,9)P (k,l)p\SS \(k,l)P {i,g)P) 

~ Se<'(g)-ei(h) + ei+3(g-h),0'^i(i,g)P U + ^W — l)\mj + k,0 ^{h) — l) (i,g)p) 

+ J2e-g{0^+\c + e-\h)-i)) 

c 

<^ei(-2g)+ei+3+k(c+g-k^ii')_i'){—{6{—2g)+6'^^'^ {c + 6 ih) — l)))- 
^e*( 23 )+ 0 *+J+*:(i-c)-e*+ 3 (/i)(™.—Z), —6\g)+9^ {h)+9'‘^^ (h—g)) 
i(i,g)P O'+fc,c)p|T'e3+'=(c+0-*:(ft,)-o^eH9)+e'»(?i)-e*+j(9)+e*+j+*’(i-c) lo'+fc.c)P (i,g)P) 

i(i,g)P U,h)P\SS \(j,h)P (i,g)p) 

'i(i,g)P (k,l)P\Tn^ek(l) — 0 i+k(g)T^_^_gif^g~j_gi + kg')\(k,l)P (i,g)P) 

= e-h(n + 9^{l) - 9"'^'"{g))e-hin + 9\g) - 6»*+''(0) 

^ei(n-2h)+93+kg)_gi+j+k(^g-^{—{9\n — 2h) + 9^'^'^(l) — 
^e3(n-2h)+e*+j(g)-gi+3+k(i)(—(9^(n — 2 h) + 9'^^\g) — 9''^^'^^ {1))) 
[5-ei(3)+efe(i)+ei+fc(i-3),o^ 

{(i,g)P {j + k,9~’‘{h) - l)\l\{j + k,9~’‘{h)-l) ^i^g)p) 

^Y^,_g{9^+\c + 9-\h)-l)) 

C 

^0i{-2g) + ei+3 + k{c+6~k{h)-l){~{0''{~‘^g) + + 9 *‘{h) — 0))^ 

^03 (2h-n)-03+k g)+gi+j+k(^g){9^^'^ {c) + 9\n — k) — 9'"'^^^*'(g), 

9^+'^{l) - 9^+^{g) + 9^+^+'‘{l - g)) 
i(3,g)P (j + k,c)P\Tgj + k^f,'^_^gj {^l^)_gi+j (gJ+gi+J + fc (/_ 3 ) 

^ 0 ‘( 23 ) + e‘+3 + '=(i-c)-e‘+.J (h))l(j + fc,c)P (i,g)p)] 

^(i,g)P O'A)^*l^m+6l3(;i)-e>+j(g)T’m+0*(3) —0*+3(h)lo'A)P (i,g)P) 

■{{i,g)P (k,l)p\Tn+6k(l)-03+k(g)Tnj^gi(^g)_gi + kg)\(k,l)P (i,g)P) 

= e-hin + 9^{l) - 9^*^{g))t^h{n + 9\g) - 9^*^{l)) 

^03 (n-2h)+93+k g)-ei+3+k(g){6\2h — n) — 9^^^{l) + 

^03ir.-2H)+03+3^g).0i+3+kg){9\2h - n) - 9^+^ {g) + 9^+^+\l)) 

[&0i{g)-03 (h)-0'+3 (h)+e3+kg)j^gi+j+kg_g)Q 
^^3^-0j (2h-n)-0'+3 (g)+0i+3+kg){ — 9^'^^ {1) + 9'''^\g) + 9'’'^^'^^ {g — 1), 

m + 9^{n-h) -9^+^+^{l)) 

{(i,g)P {j + k,9~’‘{h) - l)\l\{j + k,9~’‘{h) - 1) ^i^g)p) 
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+ Y^,_^{e^+\c-i) + 6^{h)) 

ceG 

^-ei( 2 g)+e'+i+'^{c-i)+ei+i {‘^g) + — c) — 0''^\h)) 

[5sj + fc(c) + 0j(n-h)-S*+i + '“(9),O'^m+0J(n-;i)-S'+3 + '=(i),O^m-ei»( 3 ) + e*+J + *:(c-O,O 

i(i,9)P U + k,c)p\SS \(^j^ti,c)P (i,g)P) 

+ ^ei(2h-n)-ei+>‘{i)+ei+3+’^{g)i^^'^'°i'^) + — h) — 

r6G 

e^+^[l) - 61 *+^'( 5 ) + 61*+^'+'“ (; -g) + r) 

Aei(2g)-9i+i+>‘^^+e-k^t,)_i){m-e\g)+e'^+^+*={c-l),-e\g)+e\h)+e'-+\h-g)+r) 
^ei(2h-n)-0i+i(a)+ei+i+>‘{i)(r,m + B^n - h) - 6 l‘+'’+'=( 0 ) 
i('t,9)p (9 + fc,c)p|^7-+0J + ^(c) + e.? (/i) —(9) + 0^+J + ^ (^ — 9 ) 

^r+S“(9)-£l“+3(9) + 0J(h) + e*+J + *:(i-c) l0' + fc.c)P (i.9)P)]l 

Formulas for the action of So on the basis B can be computed in a 
similar way, and we omit them. 

Note that for any (i,g),(j,/i) € H,Ad[{{i,g) {j, h)\l\{j, h) Ady^h)[ii, g)])] 
maps A(i^g) isomorphically to AAd^j f^-^[(i,g)], and similarly A^^ is iso- 
morphicto^^.^_,^.^^._^^9. 

5.2 Example: the 4442 subfactor 

In this subsection we consider the Z/3Z-graded extension of the gener¬ 
alized Haagerup category for G = Z/2Z x Z/2Z coming from an auto¬ 
morphism of G which cyclically permutes the non-trivial elements. This 
category is Morita equivalent to the even part of the self-dual 4442 sub¬ 
factor with principal graph 



first constructed using planar algebras methods in |MP12[ . We use the 
notation of the previous section for Cg,a,c with G = Z/2Z x Z/2Z, and 
consider the automorphism 6 satisfying 

9{a) — b, 8 {b) = c,9{c) = a. 

Then A and e are invariant under 9. Note that H = (Z/2ZxZ/2Z) XgZ/3Z 
is isomorphic to the alternating group on four letters. We denote a typical 
element of H by (i, g), i G {0,1, 2}, j € {0, a, b, c}. 

We consider the tube algebra for Ca,A,f. XI 7 Z/3Z, where 7 is the au¬ 
tomorphism of the category coming from 9. The tube algebra inherits 
the Z/3Z-grading, and we look for the minimal central projections in the 
graded components of the tube algebra separately. 
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We first look at the O-graded component of the tube algebra, which 
contains the tube algebra of the regular (non-extended) generalized Haagerup 
category Cg,a,<l- Consider the 32 minimal central projections of the smaller 
tube algebra: pig)^, and p{g, h)^ for g h € G. In the larger tube 

algebra, dim(^(o,o)) = 24 and dim(^(o,g)) = 8 for yf 0. Moreover, Ig is 
equivalent to for g,h ^ 0 G G, since g and h are in the same conjugacy 
class in H. Therefore there are 8 rank three minimal central projection 
in .4 (o,g\{o}); they are: 

p{a,ay+p{b,by+p{c,c)\ / G {0, 1} 


and 


pia,dy +p(6,0)‘^ +p(c,0)'^, p{a,bY +p(&,c)‘^ +p[c,aY, 

p(a,c)'^+p(&,a)'^+p(c,&)'^, cre{±}. 

For .4(0,0) 1 we also consider the projections 

(*,0)|i|(i,0) (0,0)), 

i=0 

for cj a cube root of unity. 

Then the minimal central projections of .4(o,o) are 

p“p(0)°, p“p(0)\ cj G {l,e^,e"^}, 

which each have rank 1, and 

p(0,a)‘^+p(0,&)'^+p(0,c)‘^, crG{±}, 
which each have rank three. 

Therefore there are 16 minimal central projections in .4 (o,g). To find 
the corresponding minimal central projections in the entire tube algbera, 
we consider elements of the form 

JY^gYY) ~ T ^ ^ '^(fe)((0i ff) (i,A:)P|7’g + 0>(fc) + ehfc+;i) l(*,fc)P (0,fc)P) 

^ fcSG 

for i G Z/3Z, g,h ^ G,t G G and 

1 

J‘^iT,g,h) = -EcuV(T,g,/i,i), 

i=0 

for g,h G G,r G G^lo G {l^e^ Let 

K[T,g,h,i) = J{T,g,h,i)J{T,g,h,iy 


and 

K'^{T,g,h) = J^{T,g,h)J^{T,g,hY. 

First we look at intertwiners from .4(o,o) to .4^^, for h — 0, a. 

Lemma 5.6. 1. We/mw is:“(6, 0, 0) = 0, a) = j-j^pX0)C 
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2. For g ^ Q, we have K{g, 0, 0, 0) = 2p(0, g)"*". 

3. For T ^ t' , we have 

J{t, 0, 0, 0) J(r', 0, 0, 0)* = J(t, 0, a, 0 )J{t', 0, a, 0)* = 0. 


4- We have 


K{a, 0, a, 0) 


2p(0,c)+, K{6,0,a,0) = 2p{0,b)~, K{c,0,a,0) 


2 p{ 0 ,a) . 


We can now write down all of the minimal central projections in the 
tube algebra which have a non-trivial component in »4(o,o)i using the iso¬ 
morphisms from to for g,h ^ 0. Corresponding to these 

projections are 8 irreducible half-braidings. 

Lemma 5.7. 1. The identity object (0, 0) and the object (0, 0)+ {o,g)P 

qGG 

each have three irreducible half-braidings. 


2. The objects +2 (o, 9 )P 3((0, 0)-f (o,o)P) + I] (o,g)p 

Oj^geG O^^geG 

each have a unique irreducible half-braiding. 


Next we look at intertwiners from A(o^a) to .4^^ ^jp for h = 0, a. 
Lemma 5.8. 1. We have 


K(a, a, 0, 2) = K{b, a, 0, 1) = K{c, a, 0, 0) 

= K(a, a, a, 0) = K{6, a, a, 1) = K{c, a, a, 2) = -p(a)^. 

5 -I- 2V5 

2. We have 

K{6,a,0,i) =‘2p{a,b)'^, i = 0,1,2. 

and 

K(b, a, a, 0) = 2 p{a, b)'^ 

3. We have 

K{d, a, 0, 0) = K{c, a, 0,1) = K{b, a, 0, 2) = K{d, a, a, 2) = 2p{a, c)~. 

4- We have 

K{b,a,0,0) — K{a,a,0, 1) = K{c,a,0,2) = K{c,a,a, 1) = 2p(a,6)~. 

5. We have 

K{d, a, a, 0) = K{a, a, a, 2) = 2p{a, 6)^ 

K{a, a, a, 1) = K{c, a, a, 0) = 2p(a, c)”*" 

K{b,a,a,2) = K{b, a, a, 1) = 2p{a,b)~. 

We can now write down the other eight minimal central projections 
in the tube algebra which have non-trivial components in .4 (o,g) i und the 
objects with the corresponding half-braidings. 

Lemma 5.9. 1. The objects {{0, g)+{o,g)p)+i{o,o)P O'lT-d ((0, g)-!- 

0#9GG Oj^geG 

2 ( 0 , 9 )p) each have three irreducible half-braidings. 
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2. The objects Y1 {0,g)and Y1 {{0, g)+ 3(o,g)p) + S^ofi)p each have 

O^sGG O^gSG 

a unique irreducible half-braiding. 

The dimension of is 72, and for h 0 the dimensions of 

and gjp,(P ^jp are 56 and 48, respectively. On the other hand, the 
dimensions of the subalgebras of ^jp, A^^g ^^p, and A^g o)p.(o h)P which 
are supported by the sum of the 16 minimal central projections computed 
above are 48, 32, and 24, respectively. That means that the orthogonal 
part of 1(0 h)p supports a 24 dimensional subalgebra for each h, and these 
subalgberas are unitarily equivalent in the tube algbera. 

As in the case for Cg.a.e, we find that for each h G G the minimal 
polynomial of with respect to B^g ^jp is 

q{x) = — l){x^ — e~)(x^ — e~). 

We let q,^{x) = and for C ^ {±e^,±e^}. We 

find that each pf^ is a rank three projection, which is a minimal central 
projection in A/^g ^jp iff C ^ {—}. Then to finish writing down 
the minimal central projection of the 0-graded component, it remains only 
to match up the minimal components of for h = 0 and h = 1 for each 
C€{e"-r,-e^}. 

Lemma 5.10. The object (o,h)P has 6 half-braidings and the object 

h£G 

3 X] (o,h)P has 2 irreducible half-braidings. 

heG 

Next we consider the 1-graded component of the tube algebra. The 
analysis of the 2-graded component will be identical. Here A^i^g) is iso¬ 
morphic to .4(1^;,) and similarly A^^^ ^^p is isomorphic to A^^ ^^p for all g 
and h in G, so it suffices to consider .4(i_o) and A^^ g^p, which have di¬ 
mensions 6 and 54 respectively. The intertwiner space .4(i,o),(i o)p 
dimension 12. 

The algebra .4(i,o) is Abelian, and the cj-eigenspace of t(i,o) is 2- 
dimensional for each cube root of unity oj. For each w, let 

= (bO)|l|(i,0) (1,0)) 


and let 


Then (s^.,)^ = 
are given by 


(i.0)p|l|(i,0)P (1,0)). 

i=0 

rui -\- Su, for each ui and the six minimal projections of .4(i^o) 


, , 0 5 + 1 

=-fo-’'” - 7S*- 


and 


p{ujy 


5-V5 ,1 


The t(o,i) eigenvalue of each p(<jj)’' is cv. We next check the intetwiner 
space .4(ip)^(j^ Q(p. 
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Lemma 5.11. 1. The vector space o)p *■* ^-dimensional 

and the vector space pjp is 1-dimensional for each uj. 

2. Let 




6 


l + \/5 


((liO) (i,o)P|T’o|(i,o)P (i.o)P) 


+E 

9#0 


3 — \/5 

g ((liO) I («,9)P (1,0)P)]- 


Then J^J* = p(w)^ 


We can compute the minimal central projections in the tube algebra 
corresponding to p(w)^ using J^. For the minimal central projections 
p{u!)*^, one can look for an orthonormal basis for p(cj)°.4(i,o),(i o)P’ 
is easier to just diagonalize By checking dimensions, we will see 

that the complement of in the w-eigenspace of ^^p is the right 

support ofp(a;)°.4(i,o),(i o)p. 

Lemma 5.12. The objects (1)p) + (i,g)p) X] (!)P) + 3(i,9)p) sach 

g£G g^G 

have three irreducible half-braidings, whose T-eigenvalues are the cube 
roots of unity. 

Similarly the objects (2, p) + ( 2 ,g)p) <md X] (2, p)+3(2,p)p) each have 

gCiG gCiG 

three irreducible half-braidings, whose T-eigenvalues are the cube roots of 
unity. 


The orthogonal part of .4(i_o) has dimension 24. We find that the 
minimal polynomial of ^^p is 


q{x) = {x^-\-l){x—e 5 )(x—e ^ )(x—e is ){x—e is ){x—e is ){x—e is ). 


We compute the correspoding projections for ^ G {e^ s ,e^is ,e^ is }, 
which are all rank 2 projections. 

Lemma 5.13. The objects 2 X] (i 9 )P ^‘^d 2 X] (2 g)P each have six ir- 

gdG ’ geG 

2-ni 47ri Stti 

reducible half-braidings, whose T-eigenvalues are {±e s , ±e is , ±e is }. 

We now have formulas for the 48 minimal central projections in the 
tube algebra (24 in the 0-graded part and 12 each in the other parts), and 
we can compute the 5'-matrix. Each entry can be expressed as an element 
of Q[%/5] multiplied by a cube root of unity. 

Theorem 5.14. For an approproate ordering of the simple objects, the 
modular data is as follows. The T-matrix has diagonal vector 

( 1 , 1 , 1 , 1 , 1 , 1 , - 1 , - 1 , 1 , 1 , 1 , 1 , 1 , 1 , - 1 , - 1 , 

_ 2 TT 2 2 TT 2 2 7r2 277 2 277 2 2 77 2 377 2 3 77 2 2 2 2 2 

e ^ ,e ^ ,e ^ ,e ^ ,e ^ ,e ^ ,e ^ ,e s , 1 , 1 , 1 , 1 ,uj,uj,uj,uj,uj ,ui ,u! ,u , 

4772 4772 14772 14772 14772 14772 4772 4772 2772 2772 277 2 277 2 

15 15^gl5^gl5^g 15 15 ^g ^,6 ^,€^ 56 ^). 

The S-matrix is given piecewise as follows: 
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• S(i_ 8 )x(i- 8 ) “ the matrix 

/ 1 1 1 <f <f (f 3<f 3 \ 

1 1 1 (f (f (f 3(f 3 

1 1 1 (f (f (f 3(f 3 

cP cP cP 1 1 1 3 3(P 

A 1 1 1 3 3(P 

<P <P <P 1 1 1 3 3(P 

3(P 3(P 3d^ 3 3 3 -3 -3(P 

\ 3 3 3 3cP 3<P 3<P -3<P -3 / 

• >S'(i- 8 )x( 9 -i 6 ) = ('S'( 9 -i 6 )x(i- 8 ))^ ^^6 matrix 

/I 1 1 1 1 1 1 1 \ 

11111111 
1 11111111 

8 11111111 

11111111 
-1 -1 -1 -1 -1-13 3 
V -1 -1 -1 -1-1-13 3/ 

• 'S'(i-8)x(17-24) = ('S'(i7_24)x(i=8))^ ^he matrix 
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' 5 

- 

3 

-3 

1 

1 

1 

-3 

1 







-3 

5 


-3 

1 

1 

1 

-3 

1 







-3 

- 

3 

5 

1 

1 

1 

-3 

1 






1 

1 

1 

1 

5 

-3 

-3 

1 

-3 






8 

1 

1 

1 

-3 

5 

-3 

1 

-3 







1 

1 

1 

-3 

-3 

5 

1 

-3 







-3 

- 

3 

-3 

1 

1 

1 

1 

-3 







1 1 

1 

1 

-3 

-3 

-3 

-3 

1 





5(17 

-22)x(17 

_ 22 ) is the matrix 














/ 

Cl Cl 

Cl 

C3 

C3 

C3 ^ 











Cl Cl 

Cl 

C3 

C3 

C3 









1 


Cl Cl 

Cl 

C3 

C3 

C3 








6^5 


C3 C3 

C3 

Cl 

Cl 

Cl 











C3 C3 

C3 

Cl 

Cl 

Cl 










1 

C3 C3 

C3 

Cl 

Cl 

Cl ) 






5(17 

-22)x(25 

-36) = 

- (5(25 

-36)x(17-22) 

is 

the 

matrix 






( 

-1 

1 

1 

-1 

-1 

1 

1 

-1 

-1 


1 

1 

\ 


-uP 

—UJ 


UJ 

-uP 

—u 


00 

— 

—UJ 


UJ^ 

UJ 


1 

— U) 


U! 

UJ^ 

—ijj 


LO 

co^ 

— UJ 

—uj‘^ 


UJ 

UJ^ 


?75 

-1 

-1 

1 

1 

-1 

-1 

1 

1 

-1 

-1 


1 

1 



-uP 

—u 

UJ^ 

UJ 

-uP 

—u 

LO^ 

00 


— UJ 


UJ^ 

UJ 



\ 


U! 

UJ^ 

—U) 


UJ 

oP 

— UJ 

-UJ^ 


UJ 

UJ^ 

/ 


-22)x(37 

-48) = 

- (5(37 

-48) X (17-22) 

is 

the matrix 




\ 


Cl Cl C3 

C3 

Cl 

Cl 

Cz 

Cz 

Cl 

Cl 

C3 

Cz 


CJ^Ci CJCi 

C3 a;c3 

CJ^Ci 

LOCi 

OJ^Cz 

tOCz 

OJ^Ci 

<jJC\ 

UJ 

Cz 

UJCz 


1 

CJCi 

Cl OJCs iO 

^C3 

CJCi 

UJ^Ci 

iOCz 

UJ^Cz 

U1C\ 

OJ^Ci 

UJCz 

UJ^Cz 


3\/5 

C3 C3 Cl 

Cl 

C3 

C3 

Cl 

Cl 

Cz 

Cz 

Cl 

Cl 



2 2 
a; C3 cjcs cj 

Cl a;ci 

oj^ca 

ClJCs 

Uj'^Ci 

CJCi 

Cz 

tjJCz 

UJ 

Cl 

UJCi 



^ a;c3 ijj‘ 

Cz tOCi LO 

^Ci 

a;c3 

UJ^Cz 

LOCi 

CJ^Ci 

U)Cz 

to'^Cz 

UJCi 


/ 

5(23 

-24)x(17 

-24) = 

- (5(17 

-24) X (23-24) 

y is 

the matrix 







1 

( Cl 


Cl Cl 

C3 

C3 

C3 

C4 

C2 \ 






2^5 

1 C3 


C3 C3 

Cl 

Cl 

Cl 

C2 

C4 / 






• >5(25-36) X (25-36) the matrix 
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f Cl Cl 

Cl Cl 


C2 

C2 


C2 

C2 


C2 


C2 


CO Cl COCi 
COCi CO^Ci 

Co'^C'2, 0 JC 2 
COC2 Cjp'c^ 
a;ci cj^ci 
CJ^Ci CJCi 

a;c2 ctP'c^ 
y a;^C2 COC 2 


CO C2 a;c2 
COC2 a)^C2 
cj^ci a;ci 
OJCi OJ^Ci 

COC2 a)^C2 
cl;^C 2 a;c2 

OJCi OJ^Ci 

cj^ci a;ci 


CO Cl CJCi 
CJCi CJ^Ci 
CO^C2 COC2 
COC2 CO^C2 
CJCi CJ^Ci 
CJ^Ci CJCi 

a;c2 a;^C2 

0^02 COC2 


CO C2 a;c2 
COC2 Co'^C2 
co^cx a;ci 
OJCi CJ^Ci 
COC2 00^02 
Co'^C2 COC2 
COCx (o'^Ci 
(O^Ci COCi 


(OCX <0 Cl 
OJ^Ci COCx 
COC2 CO^C2 
CO^C2 COC2 


Cl 

Cl 


Cl 

Cl 


Cl 

Cl 


Cl 

Cl 


C2 

C2 


C2 

C2 


'S'( 25 - 36 )x (37-48) — (>S'(37-48) X ( 25 - 36 ) ih,e matrix 


—CO 

u? 

CO 

—CO 

1 

1 

-1 

-1 


-CO 

-co’^ 


—CO —CO 
— io'^ —CO 


-CO 

-co’^ 

1 

1 

-1 

-1 


1 1 1 1 a;^ 

1 1 1 1 w 

-1 -1 -1 -1 

\ -1 -1 -1 -1 -a; 

• 5'(37_48)x ( 37 - 48 ) is the matrix 

{ COC^ CO^C4 COC2 CO^C2 C4 

C0^C4 COC4 CO^C2 COC2 C4 

a;c 2 co^C2 (OC4 (o^C4 C2 

a;^C2 COC2 co^C4 C0C4 


C4 

C4 


C4 

C4 


C2 

C2 


C2 

C2 


CO C4 COC4 CO C 2 a;c 2 


C2 

a;^C4 

a;c4 

C0^C2 

COC 2 

COC4 


COC4 CO C4 COC2 CO C2 CO C4 


CO C 2 COC2 CO C4 a;c4 


\ a;c2 


CO C2 COC4 CO C4 CO C2 


CO 

-cJ^ 

— CO 
1 
1 

-1 

-1 

CO 

cJ^ 

— CO 

-cJ^ 


C4 
C4 
C2 
C2 
cl;c4 
a;^C4 
COC 2 
iO^ C2 
(o‘^C4 
COC4 
io‘^C2 
COC2 


— CO 

-cJ^ 

1 

1 

-1 

-1 

a;^ 


C2 

C2 


CO 

-cJ^ 

— CO 
1 
1 

-1 

-1 

CO 

cJ^ 

— CO 

-cJ^ 


C2 

C2 


1 

1 

-1 

-1 


CO C 2 CJC 2 
COC2 Co'^C2 
Co'^C4 COC4 
COC4 Co'^C4 
COC2 Co'^C2 
Co'^C2 COC2 
COC4 Co'^C4 
(0^04 COC4 


C 4 

C 4 


1 

1 

-1 

-1 


C 4 

C 4 


COC2 Co'^C2 \ 
CO^C2 COC2 
CJCi co'^cx 
CO^Cx COCx 
C2 C2 

C2 C2 


Cl 


CO Cl COCx 
COCx O^Cx 
Co'^C2 COC2 
COC2 CO^C2 


1 

1 

-1 

-1 


— CO —CO 

— CO —co^ 


— CO -CO 
— CO^ —CO 

Co'^C4 COC4 
COC4 lo‘^C4 
Co'^C2 COC2 
COC2 CO^C2 
COC4 CO^C4 
CO^C4 COC4 
COC2 CO^C2 
CO^C2 COC2 


Cl 


Cl Cl 
a;^C2 (0C2 

COC2 Co'^C2 
co'^cx COCx 
COCx CO^Ci j 


1 \ 
1 

-1 
-1 


— CO 


— CO^ —CO j 

CO^C2 COC2 \ 

COC2 Co'^C2 

Co'^C4 COC4 

COC4 Co'^C4 

COC2 Co'^C2 

CO^C2 COC2 

COC4 Co'^C4 

CO^C4 COC4 

C2 C2 

C2 C2 

C4 C4 

C4 C4 j 


All other entries are 0. 
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6 The quantum double oi 3.'Ll21, de-equivariantization 
of a generalized Haagerup category 

In this section we consider Z/2Z-de-equivariantizations of generalized Haagerup 
subfactors via the orbifold construction of Section 2. It is shown in |GIS15| 
that the even parts of the Asaeda-Haagerup subfactor with index 
and principal graph 



are Morita equivalent to a de-equivariantization of a generalized Haagerup 
category for G — Z/4Z x Z/2Z. This allows for the computation of 
the quantum double, which had been an open problem since the dis¬ 
covery of the Asaeda-Haagerup subfactor in the 1990s |AH99| . There 
is also a de-equivariantization of the generalized Haagerup category for 
G = Z/8Z which has the same fusion rules as the de-equivariantization 
of the Z/4Z X Z/2Z category. We can compute the modular data of this 
category as well, which is very similar to that of the Asaeda-Haagerup 
categories. 

Another interesting example of a Z/2Z-de-equivariantization is that of 
the generalized Haagerup subfactor for G = Z/4Z. Here one gets the even 
part of a subfactor with index 3 -I- \/E and principal graph 



We compute the modular data for this category as well, which has 
rank 10. 


6.1 The tube algebra of the de-equivariantization. 

Let Cg.a.c be given, with endomorphism p and ag, g £ G acting on a 
factor M containing the Cuntz algebra 0\c\+i: Ei-nd let 2 £ G 2 be given 
such that tz is a character satisfying £^( 2 ) = 1. Then we perform the 
orbifold construction to obtain the orbifold endomorphisms dg and p on 
P ’Ljl'L, which is generated by M and a unitary A implementing q^. 
By an abuse of notation, we will often suppress the tilde when referring 
to orbifold endomorphisms of P. Thus whether p, for example, should 
be considered as an endomorphism of M or of P will be determined by 
context. 

We choose a subset Go C G of representives of the {0, 2 }-cosets of G. 
Let TT : G —>■ Go be the projection function which sends g £ G to the 
representative of ^ -|- {0, 2 } in Go. We also define w : G —>■ {0, 1} by 


w{g) = 



if ff ^ Go 
if G Go 


When writing expressions for elements of G, it will be useful to have 
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variables which take values in {0, z}. We use subscripts for such variables, 
e.g. 20 , 21 , 22 - Also, If Zi € { 0 , 2 }, we set zi = Sz^,z- 
Let 

^ = {figIseGo U {fijpIggGo- 
We introduce a basis for Tube A as follows. Let 


Be = {{g fc|l|fe g)}g^k&Go U {{g kp\x^^ 7r(-g)}g,fcgGo, 

^ g.gp = {(5 kp\T2k+g-h+zo>^''°\kP hp)}g,h,keGo, zoe{0,z}, 
^gp-g{(jiP kp\Th — g-t-ZQ'^ ^\kP 9)}g,h,k^Go, zoe{0,z}5 


^GP {(^iP kp\Tk — hj+g+Z2'^hi — k+g + zi^ ^ ‘^\kp h2 p)} hi ,h2 ,k,g^GQ, zi,Z2e{0, 

U{(hP kp\SS* \™^^'^~^'’\kP Tr(2k-h)P)}h,keGo 

U{{hP Ti(h-2k)P)}h,keGo- 

Then 

B = Ba'J Bg.gp U Bgp,g U Bgp 

is a basis for Tube A. 

We can compute the multiplication and involution for Tube A in terms 
of the basis B, using and the properties of the 

orbifold construction. 

Lemma 6.1. We have 

1. {^Oig, rr/i) — i^GLgp^ Otfip^ — (5g,/i+zLlA 

2. {ag,ahP^) = Sg^hCS + Sg^h + zCSX 

3. {OlgP, Othp^) = CTg + h + CTg + h + zX 

4 . S\ = XS, TgX = ez{g)XTg 

To compute the tube algebra multiplication, we need to choose an 
orthonomal basis of isometries for each {v,CC)y ^ Unlike for 

a regular generalized Haagerup category, A is not closed under tensor 
product with invertible objects. There are three cases we need to consider. 

If = dg, then we take 

rp°‘ir{g) _ iw{g) 

^C.C' ■ 

Similarly, if C,C,' = ctgp, then we take 

rp<^TT(g)P _ \w{g) 

^C,C' ■ 

Finally, if = otgjP , then we take 


rp^^(a) 

^CX' 


g^n,(g) 


and 

)i = Tu+g, (r“j /)2 = n + g+zX. 

We can now compute the multplication rules for the tube algebra, which 
are somewhat complicated by the presence of A. 
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Lemma 6.2. The adjoint operation on Ba and Bg,Gp is as follows. 

1 . 

i.9 9)* = • w{-k)){g 7r(-fc)|l|7r(-fc) g) 

2. 

(g 7r(-p))* = e,{k ■ w{-g))(Tv{-g) fcp|A”^“®^|fcP g) 

3. 

(P kp\T2k.\-g — h+z\ A ^|fcPhP) — Cz ^kZ\je—k—g+h+z\ (.g h ‘Zk Zl') 
ihP fcP|A^lT;_g + ^jfcPP) 

Lemma 6.3. Multiplication among elements of Bg is as follows: 

1. {g ki\l\ki g){g felllfe g) = 

ez{g ■ w{ki + k2)){g n{ki + fc2)|l|7r(fci + fe) g) 

2 . {g ki\l\ki g)(g fc 2 P|A”^“®'|fc 2 p 7r(-p)) = 

ez{g ■ w{ki + k2) + ki ■ w{-g)){g ^(kj+k2)P\>^'^^~^'’W(kj+k2)P 7 r(-p)) 

3- (g fcip|A“^"®^|fciP 7r(-p))(7r(-p) k2\l\k2 7r(-p)) = 

ez{g ■ w{ki - k2)){g ,r(fci-fc 2 )p|A“^"®^U(fci-fc 2 )P 7r(-p)) 

4. {g kip\X^^~^'>\kiP n{-g)){Tv{-g) fc^plA“(“»>U^P p) = 

£z(fci • w(-p))[[ez(p • w(fci - k2)){g 7r(fci - fc2)|l|7r(fci - fe) p) + 

5Z(«'^(P • ^(r))^a(.r + ki - k2){g ^mpUUmP ^^(-p))]] 

reG 

Lemma 6.4. Multiplication on Ba x Bg,Gp is as follows: 

1. {g fci|l|fei g) ■ {g fc 2 P|Tg+ 2 fc 2 -'>+^i A^^^ U 2 P hp) = 
ez{h ■ w{ki + k 2 ) + fei 2 i)efci(p — h + 2 k 2 + 21 ) 

(P 7r(fci+fc2)Pl^g + 2fci+2^2 — /i + zi A \n(ki+k2)Php') 

(pi fclp|A”^“®^'|fclP P 2 ) • (P2 fc2p|rg2+2fc2-h + 2lA^Mfc2p = 

Czikiz'i + (r + fci + k2){z[ + w(-pi))) 

£fci—g2~2fc2+l^~2:i{P2 “t“ 2/^2 h 2^1) 

£z((pi +P2 + ft) • w(r))£gi(r + fci - fe) 

r£G 

A2ki-g2-2k2+h-zi{r-ki+k2+g2-h+zi,r-ki+k2+g2-h+2gi+zi) 
(pi 7r(r)P|72r+2gi+g2—1> + 21 A ^ ^ ^ I -jr (r) P ft) 
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Lemma 6 . 5 . Multiplication on Bg,op ^ 'Is as follows: 

{pi kiP\T2ki+gi—h+zi)^ ^ \kiP hp) ’ i^hp —92+^2 \^2p P 2 ) = 

Cz{kiZ 2 )Ck-i-h‘z+g 2 -Z‘z {^2 — g 2 + Z2) 

[^g\-g 2 ,z\+z 2 ^z{giw{ki — k 2 )) 

(gi 7 r(fci - fc 2 )|A'"i+"’=^| 7 r(fci - fe) 32) 

+ '^ 91 + 92 , 21+22 z{{r + /ci + k 2 ){zi + Z2)) 

rGG 

tzigi • w{r))eg^ (r + /ci - k2) 

A2ki-h+g2-Z2{'f’ - ki - k2 + h - g2 Z2, gi - g2 + Zl + Z2) 

{gi vr(r)P|A^l+"'=U(,.)P 52 )] 

Lemma 6.6. Multiplication on B(^p,G x Bg.qp follows: 

{hiP feipl A —g + zi \ kiP g) • {g k2 p\T2k2+g—h2 + Z2 ^ ^ |fc2p 1^2 p) — 

tz{klZ 2 + (p + hl)[zi + Z 2 ))cki — 2^2 " 9+^2 ”^2 (2^2 H~ g h 2 ~\~ Z 2 ^ 

\^ 2 k 2 —‘ 2 .k\-\-hi—h 2 ,z\-\-Z 2 ^z{h 2 ' 'iv{k\ ^2))'^ 

(h-^^p 7 r(A:i - k 2 )\y^^^'^\'K{ki - k 2 ) h 2 p) 

+ ^2fci —2^2—2g + /].i+/].2i2l+22 

^z{{g + hx){z[ + 4) + h 2 • ^(r)) 

e_g+2i(p + /ll + Zl) 

i^hxP 'K{g + hx-^k 2 —kx)p\^^ ^ ^ | 7 r(g+/ii+A; 2 —A;i)P /1.2P) 

+ ^ ez((r ++/i:2)(2:i + 2:2) + ^2 • w(r))e/^i_r-fci+fc2(^^ + - ^2) 

r,j^G 

^2fci —2^2 —9+/i2+22 (^ “ H" ^2 + p — /i'2 + 2:2, 2A:2 — 2/Cl -\-hi — h 2 -\-Zl-\-Z 2 -\-j) 

A2h^-r-k^+k2{-hi - g + rAki-k2 + zij) 

{hiP 7r(r)p|^j + r —fci+fe2+^l—^2+21+22^9 + 2/1-1 —r — ki+k 2 ^^^'^''^\n(r)P h 2 P)] 

Lemma 6 . 7 . Multiplication among elements of B^p is given as follows: 
1 . +P fcl|A”(+- 2 ++l h 2 P) ■ {h 2 P fc 2 |A“('* 2 - 2 '=+|fc 2 h,p) = 
ez{hi ■ w{k\ + k2) + fei • w{h2 — 2k2)) 

{hiP-^iki + fc2)|afci + k 2 ) h^p) 

• + pfc2|A™+^-2'=+|fc2 .3P) = 

£z(fciw(/l2 — 2fc2) + fel • w(fcl — ^2)) 

(/iiP , 3 P) 

5 . +p /.3P) • +p fc 3 p|S 5 *A”+''^-'‘+U 3 P ,. 3 p) = 

tz(k\w{2k2 — /12) + fei • w(fci + ^2)) 
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' (/i 2 P ^2 Pl^fc2—^3+92+22^/12—^2+92+21^ ^ I/C 2 P /13 P) 

£z((/ll + /l 2 + fes) • W(fcl + k 2 ) + fel( 2 j + 22 )) 
Cfci (/^:2 - /is + 52 + 2 : 2 )efci {h2 - k2+ g2+ Zl) 

{hiP 7v(ki+k2)p\'^^ki+k2-h3+g2+Z2 

rri* y^z'-,+Z 2 +w(hi— 2 ki)\ \ 

-^2ki+h2—k2+92 + zi'^ \'^(ki+k2)P h^P) 

5. {hiP kip\Tk^ — h2-\-gi-\-Z2'^hi — ki+gi+zi^ ^\kiP h2p) 

•U2Pfc2|A“('*^-2'==>|fc2 H,P) = 

tz{(k\ + /ii + / 12 ) • w{h 2 — 2 ^ 2 ) + h 2 ■ w{ki — k 2 )) 


(hlP TT(kl-k 2 )p\Tkl -/ 12 + 91+22 


6 . U,pfc,p|S5*A“(2'=i-'*i)|,^p^^p) 


tz{k\w{ 2 k 2 — h 2 )) 


[tzihi ■ w{ki - k2)) 


1 

IP 


U,P ^(fcl - V(fcl - fc 2 ) / 13 P) 

+ ^ £z((7' + fci — k 2 ){w{ 2 k 2 — h 2 ) + w(2fci — hi)) + /ii • w{r)) 

rGG 


^2 H~ /"-I ^2^ 


w( 2 k 2 —h 2 )+w( 2 ki — ill) I 


(iilP 7r(r) Pl^r+fci — ^2 ^2/ii —r—fei-l-fc2 

7. (hjP fciP|T'fci-/l2+91+Z2T';(l3-fci+gi+zi'^ ^|fclP/l2P) 

•U 3 P fc3p|5S*A“(2''^-'*^)Up .( 2 fc 2 -/l 2 )) = 


(r)P /13P)] 


ez((fci + hi + h2)w{2k2 — ^ 2 )) 

—/13 —/l2 T-Zi+Z2 £z (^1 ' w(^kl ^2)) 


d2 


(hiP 7r(fcl - fc2)|A“^^''^ _ fcj) / 12 P) 

+ ^ £z((r + fci + k 2 ){w{ 2 k 2 - h 2 ) + 2^ + 22 ) + fti • w{r)) 
reG 

£/il—r—fei+/c2(^ ~t~ k 2 ) ^ 

yl2hi-r-fc|+fc2(5l - /ll + /■ - fc2 + 21,2fcl - hi - h2 + Z2- 2l) 

/ Irr-i rji* \ lU ( 2^2 — il 2 )+ ■21 + 2 o I \-| 

(.ill P '7r(r)P| r + ki—k 2 ^ —r+ki+k 2 +h\—h 2 + Z 2 —zi ^ |'7r(r)P ii 2 P/J 
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'{.h^P k2p\^k2—h^+g\+Z2^h2—k'2+gi+zi^ ^ ‘^\k2p h-^P^ 

tz{ki{z'i + Z 2 )) 

^k\—k2-\-h^—g\—Z2 (^2 ^3 “1“ “t“ 2^2 ')^k\—h2-\-k2—g\—z\ (^2 ^2 “t“ f?l “1“ 2^1) 

[52k2-h2-h2,zi+Z2(-z{{h-L + /!.2 + h3)w{kl — fc2))^ 

{hiPn{ki - _ fcj) hgp) 

+ ^ £z((r + fci — fc2)(2i + 22 + w(2fci — hi)) + {hi + h 2 + h3)-w{r)) 
r£G 

£/il —r —fci +^2 “t“ kl ^ 2 )^ 

j 42 fci_fc 2 + h3-9i-Z2(’' - fcl - /13 + 51 + 22, 2fc2 - /13 - ^2 + 22 - 2l) 

{hiP 7v{r)P\'I'r+ki-\-k2—h2 — h2 + Z2—zi 

P. 

(/ilP fcip|rfc^ _/i2+gi+ 22^/11 — ^1+91+21 

•(/12P fc 2 p|^'‘^ 2 —/^3+9'2+24^/i2—^2+92+23'^ ^ ^U2p^3p) ~ 

^z{{ki -\- hi -\- /l 2)(^3 H" 

^ki —/12 +^2 ~92 "23 (^2 ^2 H~ p 2 ~h -2^3 )€A;i — ^2 +/J -3 — 92 ^ 2:4 (^2 ^3 H“ p 2 H~ -24 ) 

[(52fci—2fc2+^3 —^1 i2i+Z2 + 23+-24^2(/?'1 • U){kl — k2)) — 

^ 2 fci —/i 2+^2 —92 —23 (^2+/?'3~2/C2+-2:3~-2^4, pl+5'2~^l~^2+^2~^2+^3+^2) 
7r(/i;i - P 2 )|A"i+" 2 + 4 +- 4 |^(/^^ _ /^ 2 ) ;, 3 P) 

~\~^ki+k2 — 91—92722 + 23 ^2+91—92+/i3 —^ 1721+24 

ez(/ii • w{k 2 -\-hi- gi-\- zi)) 

fcx+9l— 21 (^1 H~ ^1 pi “ 1 “ -^l) 

{hiP Tr(k2+hi-gi)P\SS* h^P) 

+ ^ ^ ^zUr-\-kl-\-k2){zx + Z2 + Z3 + z'4) + h3 ■ w{r)) 

j,rGG 

—r — fci+fc2 ^ 2 ) 

A 2 ki-k 2 +h 3 -g 2 +Z 4 ,(,r - fcl - /l3 + ^2 + «4,i + 2^2 - /l3 “ + 24 - 23) 

427,1-r-fci+fca (51 - ftl - + r + 21, j + 2fcl - /ll - ^2 + «! - 22 ) 

42fci-7i2+i:2-92+Z3(ii “^1 ~ ^2 + gl + (?2 + ^2 + 23 ) 

{hiP 7v(r)p\Tj + ki+k2 — /I 3 — /I 2 + 24 — 23 +r 

-^' — r+fci + fc2 —^2 + ^1+22 — 21 

Lemma 6.8. The action of So on B is given as follows: 

1. So[(g k\l\k g)] = 

ez{k + {g + k) ■ w{-k)){TT{-k) g\l\g Tv{-k)) 
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2. So[{gkp\X-^-‘>^\kpg)] = 

ie^(fc • w{-g)){kp kp) 

3. So[{hpk\X-^^-^'^^\khP)]^ 


d ■ ez{k + h ■ 'w{—k) + k ■ {'w{h — 2k) + w{—k))) 
{iT{—k) hp\X'^^^~^'‘^\hP iri—k)) 

4- So[ihPkP\SS*X'^^^'‘-'^^\kPhP)] = 


^tz{kw{2k - h))\{kp hp\SS*kp) 

^Y.^kP HP\TiT;x-^^^-^\p kP)\ 
jea 

5- So[(/iP kp\Tk — h+g + Z2Th — k+g + ziX ^\kP hP}] = 


ez{k{z[ + Z 2 ))t-k{k -h + g + Z 2 )e-k{h - k + g + zi)) 
^-k-h+g + Z 2 {k -\- h — g -\- Z2)th-3k+g + zi {~h + Sfc — p + 2l) 

[52k-2h,zx+z2{kp hp\S S* X^'^^^‘^)\hp kp) 

+ ^-(h-3fc+g+zi) (2/l — 2fe + 2l — 22, i) 

j&a 

)kP hp\Tj — i^ — k — h+g+Z2)d^j — {h — 3k + g+z-i)X ^ ^)I^PfcP)] 

For fixed h,g G Go, let 

Uh,g = (/iPp|A“’^'*“^®'|p ,r(h- 29 )P)- 


Then 

Uh,g = tz{h- w{-g) + g ■ w{h - 2g)) 
{■,T(h-2g)P 7r(-5)|A“^'*"^®V(-5) hp), 


and 


Uh,gUh,g — l;,p, '>^h,gUh,g — ^■z(h-2g)P- 


Therefore l^p is equivalent to l„(;,_ 2 g)P in the tube algebra, and Mh,g = 
Ad{uh,g) maps A^p isomoprhically onto yl 7 r(;i- 2 g)p- 


6.2 Example: The Asaeda-Haagerup fusion cate¬ 
gories 

It was shown in |GIS15| that the even parts of the Asaeda-Haagerup sub¬ 
factor are Morita equivalent to the de-equivariantization of a generalized 
Haagerup category for G = Z/4Z x Z/2Z with the following structure 
constants. 

We order G as follows: 

(0, 0), (1, 0), (2,0), (3, 0), (0,1), (1,1), (2,1), (3,1). 
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Set 


c= i(l-d + iVl0d-2), /= y i(d - 1 - iV26d + 2), 

(? = ^\J—id — 1 + iVSOd + 6, h — i(ci + 3 — i{'j2d — 10)). 
Define G x G matrices as follows: 



/ d- 

2 

-1 

-1 

-1 

-1 

-1 

-1 


-1 

\ 



1 

-1 

C 

c 

-/ 

/ 

-g 

-g 


— 

1 

c 

-1 

c 

iy/d 

h 

—iy/d 

h 



- 

1 

c 

c 

-1 

-f 

-g 

g 


-f 


1 

- 

1 

-I 

—iy/d 

-/ 

-1 

-f 

iy/d 

-f 



- 

1 

f 

h 

-g 

-/ 

-1 

g 


—h 



— 

1 

-g 

iy/d 

g 

—iy/d 

g 

-1 


-g 

/ 

\ - 

1 

-g 

ft 

-f 

-f 

— h 

-c 


-1 


/ 1 

1 

1 

1 

1 1 

1 

1 

\ 




1 

1 

1 

1 

1 1 

-1 

-1 





1 

1 

1 

1 

1 -1 

1 

-1 





1 

1 

1 

1 

-1 1 

1 

-1 




(1,0) = 

1 

1 

1 

-1 

1 1 

1 

-1 





1 

1 

-1 

1 

1 1 

1 

-1 





1 

-1 

1 

1 

1 1 

1 

-1 





V 1 

-1 

-1 

-1 

-1 -1 

-1 

1 





f 1 

1 

1 

1 

1 1 

1 

1 \ 





1 

1 

1 

-1 

1 1 

1 

-1 





1 

1 

-1 

-1 

1 1 

-1 

-1 




B 


1 

-1 

-1 

-1 

1 -1 

-1 

-1 




(0,1) 

1 

1 

1 

1 

1 1 

1 

1 





1 

1 

1 

-1 

1 1 

1 

-1 





1 

1 

-1 

-1 

1 1 

-1 

-1 





V 1 

-1 

-1 

-1 

1 -1 

-1 

-1 y 





/ 1 

1 

1 

1 

1 1 

1 

1 

\ 




1 

1 

-1 

1 

1 1 

1 

-1 





1 

-1 

-1 

1 

1 1 

-1 

-1 





1 

1 

1 

-1 

-1 1 

1 

1 




(1,1) - 

1 

1 

1 

-1 

1 1 

1 

-1 





1 

1 

1 

1 

1 1 

-1 

-1 





1 

1 

-1 

1 

1 -1 

-1 

-1 





V 1 

-1 

-1 

1 

-1 -1 

-1 

-1 





Set £( 0 ^ 1 ) ((a, fo)) = 1 for all {a,b). Set e(i,o) ((2,1)) = e(i,o) ((3,1)) = 
— 1 and b)) = 1 otherwise. Together with the cocyle relation 

Eh+kig) = th{g)tk{g + 2/i), this determines e. 

Set 

-4(0.0) {h, k) = A{h, k), 4(i^o) {K k) = B(i^o) {h, k)A{h, k), 

-4(0,1) {h, k) = B(o.i) (ft, k)A(h, k), A(i^i) (ft, k) = B(i^i) (ft, k)A{h, k) 
and use (HU to define the remaining Ag{h, k). 
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Remark 6.9. We emphasize that for a large section of the following 
computation, all that will be needed is e. 

Fix a representation of Cg.a.e on a factor M containing the Cuntz 
algebra Og with generators S and Tg, g £ G. Let a = (0,1) € G. Then 
the category we are interested in is the orbifold category {CG,A,t)z- 

Since is identically 1, Oz acts trivially on the Cuntz algebra. There¬ 
fore the category generated by p and Og on the closure of the Cuntz 
algebra is already the orbifold category, and we may dispense with A. 

We take Go = Z/4Z C G, so that Go is a subgroup and {agjggGo is 
closed under composition. All the formulas in the previous section simplify 
greatly, since Cz is identically 1, w is identically 0 on Go, and we discard 
powers of A. 

Let m = |Go| = 4 and A = m(l -I- (P), the gobal dimension of the 
orbifold category. 

For ((/,r) € Go X Go, define 

^ 1 ^ 1 ^ 9 ) 

^ heGo 

E{9,r) = — T{h){g hp\l\hp - g)- 

^ heGo 

Lemma 6.10. 1. Thep{g,T) are mutually orthogonal projections which 

sum to the identity of Ac- 

2. We have 

E{g,T)E{g,T')* = 5^yp{g,T) 
unless g ~ 0 and r is the trivial character. 

3. E{t), 1)£1(0, 1)* = p(0,1) -|- 2mE{0, 1), where the argument 1 refers 
to the trivial character. 

As before, we label the characters of Z/4Z by their values on 1. 
Corollary 6.11. There are 14 minimal central projeetions in Ac: 

p { 1 , t ) +p{3,f), r e 
p(o,-i)* = ib(0,-l)±.S(0,-l)) 

p { 2 , t )^ = i(p(2,r) ±£;(2,r)),r G {-1,1} 

p{g,i) +p{g,-i), g e { 0 , 2 } 

p(0)° = ^(p(0,l)+di?(0,l)) 

P(0)' = 5(^^p(0,l)-dS(0,l))- 

For a character r G Go, g,h £ Go, and zo £ {0, z}, let 

J{r,g,h,zo) = ^ Y r{k){g kp\T 2 k+g-h+zo\kp hp). 

^ kGGo 

Let 

K{T,g,h,zo) = J{T,g,h,zo).J{T,g,h,zo)*. 
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Let /i A —4 ■ 

Then we have the following tables for K{t, g, h, zo)- 


Table 5: K{t, g, h, zq) for h = 0, zq = 0 


g 

1 

-1 

i 

—i 

0 


2p(0,-l) + 

p{0,i) 

p{0,-i) 

1 





2 

2p(2,1)+ 

2p(2,l)- 

p{2,i) 

p{2,-i) 


Table 6: Kij, g, h, Zq) for h = 0, Zq = z, part 1 


g 

1 

0 

^(p(0, i) +p(0, —i) + iE{0, i) — iE{Q, —i)) 

1 

\{p{l,i) +p{l,-i)) 

2 

\{p{2,i)+p{2,-i) -iE{2,i) + iE{2,-i)) 


Table 7: K{t, g, h, zq) for h = 0, Zq = z, part 2 


g 

-1 

0 

^{p{0,i) +p(0, -i) - iE{0,i) + iE{0, -i)) 

1 

i(p(l,i) +p(l,-i)) 

2 

i(p(2, i) + p{2, -i) + iE{2, i) - iE{2, -i)) 


Table 8: K(t, g, h, zq) for h = 0, zq = z, part 3 


g 

i 

—i 

0 

p(0,-l)+ + fp(0)^ 

p(0,-l)+ + fp(0)^ 

1 

i(p(l,l) +p(l,-l)) 


2 

p(2,l)-+p(2,-l)- 

p(2,l)-+p(2,-l)- 
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Table 10: K{T,g, h, Zo) for h = 1, zq = z, part 1 


g 

1 

0 

1 (p(0, i) + p(0, -i) + E{0, i) + E{0, -i)) 

1 

+p{l,-i)) 

2 

i(p(2, *) + p{2, -i) - E{2, i) - E{2, -i)) 

Table 11: 

K{T,g, h, 2 : 0 ) for h = 1, zq = z, part 2 


-1 

g 


0 

1 (p(0, i) + p(0, -t) - EiO, i) - E{0, -i)) 

1 

+p{l,-i)) 

2 

i (p(2, *) + p{2, -i) + E{2, i) + E{2, -i)) 


Table 12: K{T,g, h, Zq) for h = 1, zq = z, part 3 


g 

i 

—i 

0 

p(0,-l)- + ^p(0)^ 

p(0,-l)- + fp(0)^ 

1 

i(p(l,l) -bp(l,-l)) 


2 

p(2,l)-+p(2,-l)+ 

p(2,l)-+p(2,-l)+ 


Then as in previous examples, we can write down the 14 minimal 
central projections in the tube algebra corresponding to the 14 minimal 
central projections in Aa using the elements 

L{T,g,h,zo) = J{T,g,h,zoyj{T,g,h,zo), 

g,h € Z/4Z, r G Z/4Z, zo G {0, z}. 

Here it is slightly more complicated, since many of the K{t, g,h, zo) 
have rank 2. For those K{t, g, h, zo) with distinct t-eigenvalues, the cor¬ 
responding L{t, g,h, Zo) can be easily decomposed, while for those rank 
two K{t, g, h, Zo) with a unique t-eigenvalue, more care is required. 

In particular, the K{t, 1, h, z) are each rank two projections in 
Since all of the minimal projections in Ai have different ti eigenvalues, 
we can split the corresponding L{t, 1, h, z) by taking a linear combination 
of L and t^pL. 

The only case for which we can’t deduce the necessary decomposition 
of L from the tables is K[±i, 2, h, z), since these are rank two projections 
in A 2 which are eigenvectors for t 2 . Therefore here we need to consider 
additional elements in Ag,gp- 

Let 

Jh = p(2,1)“ J(i, 2, h, z), /i = 0,1. 
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Then we have 


JhJt=pi2,l) . 

Then Lh = JtJh is equivalent to p(2,1)“ in the tube algebra and 
L{i, 2, h, z) — Lh is equivalent to p{2, — 1)~. 

We can now write down 14 minimal central projections in the tube 
algebra, 

Let 

M = Mo,i + Mi,i, 

so that M maps Ap + Aip isomorphically onto A 2 p + Ai,p. 

Then the following are minimal central projections in the tube algebra: 

Pi = P(0)° 

P 2 = p(0)^ + (id+ M)(i[L(l,0,0,0) + L(l, 0,1,0)] 

+ 2/i-/i2 

P 3 = p(0, i)+p(0,-i) + (id +M) 

(L(i, 0, 0, 0) + L(l, 0, 0, z) + L{i, 0,1,0) + L(l, 0,1, z)) 


P 4 = p(2,i)+p(2, —i) + (id +M) 

(L(i, 2,1, 0) + L(l, 2,1, z) + L{i, 2, 0,0) + L(l, 2, 0, z)) 

Ps = p(l, 1)+p(3,1) + (id+ M)(P(1,1,0,0)+P(1,1,1,0) 

+P(i, 1, 0, z) + L{i, 1 , 1 , 2 )+ t(L(i, 1, 0, 2 ) + L(i, 1,1, 2 ))) 

Pe = p(l,-1)+p(3,-1) +(id+ M)(L(-1,1,0,0) + L(-1,1,1,0) 
+P(i, 1, 0, 2 ) + L{i, 1,1, 2 ) — t(L(i, 1, 0, 2 ) + L{i, 1,1, 2 ))) 

P 7 = p(l,i)+p(3, —i) + (id + M)(P(i, 1, 0, 0) + P(i, 1,1, 0) 

+L(1,1, 0, 2 ) + P(l, 1,1, 2 ) - it(L(l, 1, 0, 2 ) + L(l, 1,1, 2 ))) 

Pg = p(l, —i)+p(3, i) + (id + M)(L(—i, 1, 0, 0) + Z/(—i, 1,1, 0) 
+P(1,1, 0, 2 ) + P(l, 1,1, 2 ) + it(Z/(l, 1, 0, 2 ) + L(l, 1,1, 2 ))) 

P 9 = p( 0 ,-l)+ + (id + M) 

(iL(-l,0,0,0) + ^[|L(i,0,0,2) -P(i,0,0,2)"]) 

Pio = p(0, —1)“ + (id + M) 

(iL(-l, 0,1,0) + 0,1, 2 ) - L(i, 0,1, 2 )']) 
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Pii = p(2,l)+ + i(id + M)(L(l,2,0,0) + L(l,2,l,0)) 

Pi2 = p( 2 , 1 ) + {id + M){Lo + Li) 

Pi 3 = p{2,-l)++ {id + M){^L{-l,2,0,0)+ L{i,2,1,z)-Li) 

Pi 4 = J5(2, — 1) + {id + M){L{i, 2,0, z) — Lq + —L{—1,2,1,0)). 
Lemma 6.12. 1. The objects ao , ao + 2 ^gPt 2ao + 2 Ogp, 

g^Go q^Gq 

ao+ 2{p + a 2 p), ao+ 2{aip+asp), and 202 + 2 Y1 Ogp each have 

9^Gq 

a unique irreducible half-braiding. 

2. The objects 01+03 + 2 OgP 02 + X] '^gP each have four 

gCiGo gCiGo 

irreducible half-braidings. 

Lemma 6.13. The quantum double has rank 22. The object 2 X] 

9^Gq 

has eight irreducible half-braidings. 

Proof. We have dim{Ap) = dim{Aip) = 4 + dim{Ap,ip) — 68. On the 
other hand, the dimensions of the subalgebras of Ap, and .4p,jp which 
are orthogonal to the 14 known minimal central projections are each 32. 
This implies in particular that these orthogonal subalgebras of .4^p are 
mutually unitarily equivalent for all hi,h 2 . 

Let 

U2 = (p2|l|2p). 

Then it is readily seen from the multiplication formulas that 

{M 2 }' = span({lp,U 2 } U {{p k\SS*\k p)}fc 6 {o, 2 } 

U {(p + g + |fe p) 

+ (p fc + 2\Tk+g+zoTlf,^g^,^Jk + 2 p)}fcgz/2Z, gez/4z, zo6{0,z})- 

Therefore {U 2 }' has dimension 20. Moreover, it can be checked that {M 2 }' 
is Abelian. Therefore .4p has exactly 20 simple summands, all of which 
have dimension at most 4, since the commutant of any self-adjoint unitary 
in Mn{C) is noncommutative if n > 3. 

Since exactly 12 of the known minimal central projections have nonzero 
components in ^^p for each h, the orthogonal subalgebras must each have 
exactly 20 —12 = 8 simple summands. Since all of these simple summands 
have dimension at most 4 and the dimension of the subalgebra is 32, each 
simple summand must be isomorphic to M 2 (C), and the corresponding 
central projections have rank 2. □ 

As in the previous examples, we first find the eigenvalues of t^p nu¬ 
merically and then verify the minimal polynomial. 
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Lemma 6.14. The t-eigenvalues corresponding to the half-braidings of 

sSGo 

ei^TTi 

e~^, 1 < / < 8. 

Remark 6.15. The fact that the coefficients of ni in the numerators 
of the exponents form the series 61^ was guessed by following |EG11| . 
who observed a similar fact in the case of the Haagerup subfactor and its 
generalizations. We also follow their work in obtaining a simple expression 
for the corresponding 8x8 block of the 5-matrix. 

Theorem 6.16. The quantum double of the Asaeda-Haagerup fusion cat¬ 
egory has rank 22 and the modular data is as follows. 

1. The T-matrix has diagonal 


(1,1,1,-1,1,-1,/,-7,1,1,1,1,1,1, 


2. The matrix 5i_i4,i_i4 is 


( 


2 

2 

4 

-4 

0 

0 

0 

0 

2 

2 

-2 


2 

2 

-4 

4 

0 

0 

0 

0 

2 

2 

-2 


2 

2 

0 

0 

-4 

4 

0 

0 


2 

-2 -2 2 

-2 -2 -2 

-2 -2 -2 


-2 -2 

-2 -2 


1 

1 

-2 

-2 

2 

2 

-2 


-2 -2 -2 -2 

-2 -2 -2 -2 


2 

2 

-2 

-2 


-2 -2 

-2 -2 


-3 

5 

1 

1 

1 

1 


1 1 1 \ 

1 1 1 

-2 -2 -2 

-2 -2 -2 

2 -2 -2 

2 -2 

2 


-4 -2 -2 -2 


1 

1 

5 

-3 

1 

1 


-2 

-2 

1 

1 

-3 

5 

1 

1 


3. The matrix 815 - 22 , 15-22 is given 


Ski = - =cos 

Vrf 


( 127rZfe\ 
) 


4 . For 15 < jf < 22, we have 
1 


2 

1 

1 

1 

1 

5 

-3 


Sii = 


VTf’ 


S2i = - 


1 

Tff’ 


-2 

2 

2 

1 

1 

1 

1 

-3 

5 j 


Sij =0, 1 < i < 14 


Remark 6.17. There is also an orbifold category of a generalized Haagerup 
category for G = This category has the same fusion rules as the 

Z/4Z X Z/2Z orbifold, and we can compute the modular data as well, with 
some work. 
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(2)D + l)7ri 

The quantum double here also has rank 22. In this case e occur 

as T-eigenvalues and ±i do not occur; the rest of the T-eigenvalues are 
the same. 

With an appropriate ordering, the T-matrix has diagonal 


,e * ,e * ,e 'i,!,!,— 1 ,- 1 ,— 1 ,- 1 , 


e i^TTi 6-2^TTi 6-3^TTi 6-4^7ri 6-5^7ri 6-6^Tri S . 

e 17 17 ,e 17 ,e 17 ,e 17 ,e 17 ,e 17 ,e 17 ). 

and the S'-matrix differs from the Asaeda-Haagerup S'-matrix above 
only in the blocks 


85 - 8,5 


/ 0 0 -1 1 \ 

0 0 1-1 
-110 0 
\ 1 -1 0 0 / 


and 


cj cj 1 / -3 5 

>311-12,11-22 = >313-14,13-14 = — r o 

8 V 5 -3 


7 Example: 2D2 

The 2D2 subfactor is the subfactor with index 3 + \/5 whose principal 
even part is a Z/2Z deequivariantization of the generalized Haagerup cat¬ 
egory corresponding to G = Z/4Z. It was constructed in |IzuI5| . with 
an alternative construction using planar algebras given in [MP14] . We 
use the same notation for the generalized Haagerup category Ca,A,e for 
G = Z/4Z as in Section 2, and take z = 2 £ G. Again our goal is to 
compute the quantum double of the orbifold category {CG,A,e)z and find 
its modular data. 

Let Go = {0,1}. We have 

Bg = {{g k\l\k g)}g,fcgGo U{(5 fcp|A“'^"®'|fcP5}g,fcgGo 

and 

Bg,Gp = {{g kp\T2k+g-h+zo\kp hp)}g,h,keGo, 2 oS{ 0 ,z}- 

For p G Go, we order Bg by first listing the two terms in the left set, 
with fc = 0 first, and then the two terms in the right set, again with k = 0 
first. For g,h G Go, we order Bg,^p by first listing the two terms with 
zq = 0, with k — 0 first, and then the two terms with zq = z, again with 
k = 0 first. 

We define elements in the tube algebra by their coordinate vectors 
with respect to these ordered bases as follows: 


II 

o' 

^ (1,1, d, d ) gp 

P(0)2 = 

1 /A—2 A—2 T T\ 

Av 2 ’ 2 ’ ^JBq 

p(0)3 = 


11 


P(l)l = 

1(1, -i, l,i)ei 

p(l)2 = 

4(1) *) “1) f)Bi 

P(l)3 = 

P(l)4 = 

i(l,-i,-l,-i)Bi 


and 
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j(0,0)i = 


J(0,0)3 = 

5^(1,-1,0,0)bo,p 

II 

o' 

y^(l,-l,0,0)Bo,, 

J(0,l)2 = 

y^(0,0,l,-l)Bo,, 

J(l,0)i = 

3(1,*, 1,*)bo.p 

J(l,0)2 = 

4 (1, *, 1, Obo.p 

J(l,l)l = 

3(1,*, —*, —1)Bo,ip 

J(l,l)3 = 

3 ( 1 ,-*,*,- 1 )Bo.ip 


>^(0.0)2 = y^^(0,0,l,-iv 

J(0,0)4 = 5^(0,0,1,1)bo,, 

>^(0-1)3 = 5^(1.1>0,0)b„,^, 

= 5^(0-0,1,1 )bo,,, 

J(l,0)3 = i(l,-i, 1,-i)Bo_p 

J(l,0)4 = 4(1> —*> —1> Obo.p 

J(l,l)2 = 1 )Bo.ip 

<7(1, 1)4 = 4 (^’ ^)Bo,j^P 


Let K{i,j)k = J{i,j)kJ{i,j)k and L{i,j)k = J{i, j)k- Then we 

verify the following by direct calculation. 


Lemma 7.1. 

1 . . 4 g 

; is Abelian and the p{i)j, 0 <i<l, l<i <4 

are its minimal projections. 

2. K( 0 ,i)j = 

P(0)2, 

0 < 1 < *, 1 < i < 2. 

3. K{ 0 , 0 )j = 

P( 0 ) 3 , 

3 < i < 4 

1 K{ 0 , l)j = 

^P( 0 ) 4 , 

3 < j < 4 

5 . 77 ( 1 , *)4 = 

p(i+i, 

0 < * < 1 , 1 < i < 4 . 

6 . J{i,j)kJ{i 

/ ■/\* 

•>3 }k' 

= 0 if{i,j,k) 7* {i'j'k'). 

We can write down 

8 minimal central projection in the tube algebra. 

Pi = 


P(0)i 

P2 — ^(0)2 + 0)1 + L{0, 0)2 + 1)1 + L(0,1)2 

P3 = 


p( 0 ) 3 -bP( 0 , 0)3 + P( 0 , 0)4 

Pi = 


^(0)4 + -£*(0,1)3 + 1/(0,1)4 

P5 = 


p(l)i -|-L(l,0)i -1-L(l,l)i 

Pe = 


^(1)2 + 0)2 + L{\^ 1)2 

P7 = 


p(l) 3 + 1 /( 1 , 0)3 + 1 /( 1 , 1)3 

Ps = 


^(1)4 + -£^( 1 , 0)4 + -f/(l, 1)4 

Lemma 7.2. 

1 . The objects ao, ao + 2 p, ao - 1 - 2 trip, tro -I- 2 p -|- 2 trip 


each have a unique irreducible half-braiding. 


2 . The object ai + p + trip has four irreducible half-braidings. 

The T-eigenvalues of these 8 minimal central projections are given by 
the vector 

( 1 , 1 , 1 ,!,*,*,-*,-*) 

We can check that there are exactly two other minimal central pro¬ 
jections in the tube algebra, which each have a rank two component in 
each Ah- Then we can find the minimal polynomial of t and diagonalize 
to find these last two projections. 

Lemma 7 . 3 . The object p-I-trip has two irreducible half-braidings, with 

I 4TTi 

T-eigenvalues e 5 . 
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Finally, we can compute the S-matrix using Formula 12.41 
Theorem 7.4. The modular data for the 2D2 subfactor is as follows. 
The T-matrix has diagonal 

Atri _ 47ri 

-i,-i,e ^ ,e = ). 

The S-matrix is: 


i - 2V^ 

5 + 2^5 

5 

5 

5 

5 

5 

5 

Ay/E 

4^5 

i + 2V5 

5 - 2\/b 

5 

5 

5 

5 

5 

5 

-Ay/E 

-Ay/E 

5 

5 

15 

-5 

-5 

-5 

-5 

-5 

0 

0 

5 

5 

-5 

15 

-5 

-5 

-5 

-5 

0 

0 

5 

5 

-5 

-5 

-5 + lOt 

-5 - lOi 

5 

5 

0 

0 

5 

5 

-5 

-5 

-5 - lOi 

-5 + lOi 

5 

5 

0 

0 

5 

5 

-5 

-5 

5 

5 

-5 - lOi 

-5 + lOz 

0 

0 

5 

5 

-5 

-5 

5 

5 

-5 + 107 

-5 - lOz 

0 

0 

4^ 

-4\/5 

0 

0 

0 

0 

0 

0 

-lO + 2y/E 

10 + 2^5 

4^ 


0 

0 

0 

0 

0 

0 

10 + 2^5 

-10 + 2v/5 


It is interesting to compare this S'-matrix with the matrix Sa of the 
rank 10 modular tensor subcategory of the quantum double of the Z/2Z x 
Z/2Z generalized Haagerup category from Section 3. 

Remark 7.5. Although the tube algebra in this Z/4Z case is smaller 
than that in the Asaeda-Haagerup (Z/4Z x Z/2Z) case, this computation 
is in some sense less natural, because here the orbifold breaks the group 
symmetry. In the Asaeda-Haagerup case, the element (0,1) acts trivially 
on the Cuntz algebra and the orbifold preserves the group symmetry. In 
the Z/8Z case, the tube algebra is as large as in the Z/4Z x Z/2Z case, 
but the orbifold breaks the group symmetry, so the computation is ugly, 
and we have omitted it. 
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